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Abstract

Stochastic models for phylogenetic trees are still not particularly well understood and most
tractable models in use today do not fit empirical reduced trees very well. Age-dependent
speciation models seem better at explaining data but have long been considered intractable. In
this thesis, we show that, at least mathematically, this is not so. Inspired by its application in
phylogenetics, we define a reduced time-varying Bellman-Harris branching process and the
related reduced branching tree rigorously from first principles on branching populations and
derive a full distributional characterization of both. In particular, we derive the generating
function of the reduced time-varying Bellman-Harris branching process in full generality and we
consider the important example of the reduced binary time-varying Bellman-Harris branching
process in more detail, from which we obtain a recursive distributional characterization of the
corresponding reduced binary branching tree, which we finally show to have a density function.
Such density can, if treated as a likelihood function, be used to infer evolutionary dynamics from
an observed reduced phylogenetic tree.

Titlepage figure:
The first known tree drawn by Charles Darwin in his notebook [16] with the exhilarating note "I think”.
Downloaded from Wikimedia Commons [https://commons.wikimedia.org/wiki/File:Darwins_first_

tree.jpgl.
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Preface

I'have deeply regretted that I did not
proceed far enough at least to understand
something of the great leading principles of
mathematics; for men thus endowed seem
to have an extra sense.

Charles Darwin

This thesis is the culmination of many years of study in the math department at the University of Copenhagen.
Through these years I believe to have been awarded with Darwin’s extra sense, I have learned the great leading
principles of mathematics itself and now know how to exploit these to gain a better understanding of our
world. For me, this is the pinnacle of mathematics, an abstract space in which thoughts and arguments are
precise and rigorous, but which, when projected onto the real world, gives us insight into the very complex
and otherwise incomprehensible systems of nature.

The end product you have at hand started out as a quite different beast than it turned out to be. My original
plan was to do as is done in much recent theory of applied branching processes, state the relatively trivial
theoretical results, and use them to gain some insight into some field of science, for me, phylogenetics.
However, as I started, the deep probabilistic foundations of these processes intrigued me and led me to turn
the thesis into a quite formal treatment of branching processes and branching trees, with a smaller emphasis
on their use in phylogenetics. I believe that this approach has opened some otherwise obstructed paths for
me, that I have only started to explore in this thesis.

Aknowledgements Iam deeply grateful to so many people who have been pivotal in getting me where
I am today. First, I wouldn't have gotten this far without motivation from a number of amazing teachers,
the most influential in chronological order of appearance in my life being, Jens Jensen, Susanne Ditlevsen,
Helle Serensen, Ernst Hansen, Carsten Wiuf, Ben Brown and Samir Bhatt, thank you all, especially Jens
for spending many hours after class showing me the beauty of mathematics, and to Carsten and Sam for
providing the perfect combination of technical and inspirational supervision, I look forward to working
much more together.

Maybe of even higher importance are all the people who have supported me non-academically through my
studies. First and foremost, to the most overbearing, supportive, and inspiring person I know, thank you Ida
for being in my life, and also, happy anniversary! Thank you to my parents, who have always motivated me
to strive for the highest goals and for always supporting me on the way there. To all my family and friends,
thank you for giving me a room in which to rest my thoughts, you are all immensely important to me.

Frederik Molkjer Andersen
December 20th 2023
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Introduction

1.1 One hundred years of stochastic
phylogenetics

"The affinities of all the beings of the same class have sometimes
been represented by a great tree. I believe this simile largely speaks
the truth. The green and budding twigs may represent existing
species; and those produced during each former year may represent
the long succession of extinct species. [...] The limbs divided into
great branches, and these into lesser and lesser branches, were
themselves once, when the tree was small, budding twigs; and this
connexion of the former and present buds by ramifying branches
may well represent the classification of all extinct and living species
in groups subordinate to groups. [...] I believe it has been with the
great Tree of Life, which fills with its dead and broken branches the
crust of the earth, and covers the surface with its ever-branching
and beautiful ramifications.”

Charles Darwin [17]

1.1.1 On the origin of phylogenetics

Before the mid-eighteenth century, nature was considered hierarchical
and linearly ordered, the "most perfect" animals being of a higher order
than the "less perfect" animals which in turn had a higher order than the
"most perfect” plants, and so on. The evident evolutionary theory being
that a species stems from the immediate lower-order species, resulting
in conclusions like animals stemming from plants. But acknowledging
that even the "most perfect" plants do not resemble even the "least
perfect" animals slowly dismantled the linear order of nature. Instead,
biologists turned to trees to represent the relationship between species.
Now, species are not necessarily directly related, but all have a common
ancestor, depicted by the trunk of the tree, which has branched out into
the wealth of extant species. Nature is only partially ordered.

Hence, many authors before Darwin thought about the diversity of
nature through a tree, but it was not before his and Haeckels works, that
trees representing the genealogy of species were widely accepted as the
fundamental structure of evolution. Darwin is especially known for two
specific trees, his unrooted "I Think" tree as depicted on the title page of
this thesis! and his rooted "Great Tree of Life" as depicted in [17]. Both of
these are close to the phylogenetic trees used today, however, calling them
as such was not done until much later.?

The trees played an integral role in Darwin’s theory of evolution and
have since been the backbone of phylogenetic thinking,® connecting the
processes of evolution with the observed outcome through a sound
mathematical framework. Of course, such a mathematical framework

1.1 One hundred years of
stochastic phylogenetics . 1

1.2 Problems in modern
stochastic phylogenetics . 5

1.3 Apreview.......... 8
1.4 de Finetti notation .... 9

[17]: Darwin (1859), On the Origin of
Species by Means of Natural Selection, or
Preservation of Favoured Races in the Strug-

gle for Life

1: As this does not resemble an actual
botanical tree, Darwin never called it as
such, but in modern-day mathematical
terms this is an unrooted tree.

2: Haeckel actually coined the term "phy-
logeny", but used it differently.

3: More recently, and quite surprisingly
also before Darwin, the notion of evo-
lution following a tree has been chal-
lenged by the more general structure of
a network, which can take into account
phenomenons like horizontal gene transfer
[67].
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[67]: Ragan (2009), ‘Trees and networks
before and after Darwin’

4: A genus is the immediate taxonomic
rank above species, i.e. it is a grouping of
closely related species.

[91]: Yule (1925), ‘A Mathematical Theory
of Evolution, Based on the Conclusions
of Dr. J. C. Willis, ER.S.”

wasn’t available to Darwin in his time, and the class of models to be
considered in this thesis did not appear until almost half a century after
Darwin’s death. [67]

1.1.2 On the origin of stochastic phylogenetics

Exactly 100 years before this thesis was written, a paper by George Udny
Yule had been received, but not yet read, by the Royal Society. This paper
entitled "A Mathematical Theory of Evolution, based on the Conclusions
of Dr. J. C. Willis, FR.S." [91] laid the foundation for all subsequent work
on stochastic modeling of phylogenetic trees.

Yule was one of the great statisticians of the early 20th century, working
on a plethora of different problems in theoretical statistics, probability
theory, and applications hereof in genetics and agriculture. He was faced
with data on the number of species found in a genus4, which showed
the interesting feature that many genera contain only one species, fewer
genera had a higher number of species, but there was a few genera
containing a very high number of species. A present-day statistician
would say that the distribution of the number of species in a genus was
heavy-tailed and that this particular distribution followed a power-law
distribution. Yule wanted to find a mechanistic model of evolution that
produced such a distribution.

The model he came up with, was a continuous-time stochastic process
that assumes that all species in a genus stem from a single ancestral
species and that,

"Within any species, in any interval of time, an "accident” may
happen that brings about a (viable) "specific mutation,” i.e., the
throwing of a new form which is regarded as a new species, but
a species within the same genus as the parent. The chance of this
occurrence in any assigned interval of time (an hour, or a year or
a century) is taken as the same for all species within the group
considered and as constant for all time.” [91]

In other words, new species appear at a constant rate, let’s say f > 0,
in the genus. This assumption led Yule to a set of differential equations
for the distribution of the number of species over time, whose solution
is a geometric distribution with success probability e P!. This process
has since been labeled the Yule process. Together with an assumption
that each species can also produce a whole new genus at speciation
again happening at a constant rate, Yule showed how the distribution of
the number of species in a random genus can be modeled by a specific
heavy-tailed distribution, now known as the Yule distribution. While Yule
didn’t himself consider the fact that his process produces a genealogical
tree of the extant species, his theory has since reigned as the standard
model of the evolution of such trees in phylogenetics.

Yule thoroughly examines the simplifications and limitations of his
model and notes for example that the model does not directly take into
account extinctions of species, and that the assumption of constant rates
of speciation across different species, different genus sizes and time is
surely not true. Nevertheless, his model fitted the data very closely, in
fact as he noted "more closely than we have any right to expect "[91].
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1.1.3 Population dynamics

A bit later, and apparently completely separate from Yule’s work on
stochastic models for speciations, a school of stochastic population
dynamics was rising with people like Willy Feller and David Kendall.
Their main contribution was the birth-death process [19, 45], in which
each individual in a population is assumed to give birth at a rate § and die
atarate 6. Kendall [45] even proposed a further generalization, where the
birth and death rates are allowed to vary over time. The corresponding
population size distributions over time in both the constant rate and time-
varying birth-death process are slightly more complicated than those of
the Yule process, but still quite manageable. Now, if we by birth mean
speciation, and by death mean extinction, this becomes a generalization
of the Yule process, where any particular species can either produce new
species or go extinct according to the corresponding rates.

Another branch of population dynamics, which has in recent years also
proved a valuable class of models for phylogenetics, is the theory of
branching processes. The first branching processes, which were evolving in
discrete generations, were studied by first by Irénée-Jules Bienaymé [10],
and later by Francis Galton and Henry William Watson [88], all trying
to answer a question about the extinction of noble families surnames. A
little-known curiosity, especially interesting for Danes, is that the first
correct proofs of Bienayme, Galton, and Watson’s assertions were made
by Johan Frederik Steffensen [84]. For more on the Danish contributions
to the early theory of branching processes, see [24].

The beginning of continuous-time branching processes starts with the
birth-death processes, as these, in particular, are a form of branching
process, but was extended from here by Richard Bellman and Theodore
Harris [9, 28] to be non-Markovian by letting each individual have a
non-exponentially distributed lifetime, at the end of which she produces
a random number of offspring. If this number of offspring is independent
of the lifetime, the process is aptly named the Bellman-Harris process.
This process will form the foundation of the current work. A situation
where the number of individuals born by each individual depends on the
lifetime was considered by Boris Aleksandrovich Sevast’yanov [72], and
such processes are hence called Sevat’yanov processes. This line of research
was very much inspired by problems in physics (splitting of atoms)
and biology (splitting of cells and bacteria), but not much applied in
population dynamics until the generalizations by Kenny Crump, Charles
Mode [14, 15] and simultaneously Peter Jagers [35] where births happen
during the lifetime of an individual, not necessarily just at the end of its
life, according to a point process.

1.1.4 Birth-death processes in phylogenetics

The birth-death process being an apparent generalization of the Yule
process as a mechanistic model of evolution, was not evident enough
to be considered in phylogenetic studies until [69], partly due to lack of
good empirical data, partly because the process has a severe flaw as a
model for phylogenetic trees; they usually show no extinctions. If we have
no paleontological data, a traditional reconstructed or reduced phylogenetic
tree contains only the extant species and the lineages tracing them back to

[19]: Feller (1939), ‘Die Grundlagen der
Volterraschen Theorie des Kampfes ums
Dasein in wahrscheinlichkeitstheoretis-
cher Behandlung’

[45]: Kendall (1948), ‘On the Generalized
"Birth-and-Death" Process’

[10]: Bienaymé (1845), ‘De la loi de multi-
plication et de la duree des familles’

[88]: Watson et al. (1875), ‘On the Proba-
bility of the Extinction of Families

[84]: Steffensen (1930), ‘Om Sandsyn-
ligheden for at Afkommet udder’

[9]: Bellman et al. (1952), ‘On Age-
Dependent Binary Branching Processes’
[28]: Harris (1963), The theory of branching
processes

[72]:  Sevast'yanov  (1964),
dependent branching processes’

‘Age-

[14]: Crump et al. (1969), ‘A general age-
dependent branching process. II’
[15]: Crump et al. (1968), ‘A general age-
dependent branching process. I

[35]: Jagers (1969), ‘A general stochastic
model for population development’

[69]: Raup et al. (1973), ‘Stochastic Mod-
els of Phylogeny and the Evolution of
Diversity”
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[32]: Hey (1992), ‘Using Phylogenetic
Trees to study Speciation and Extinction’
[59]: Nee et al. (1994), “The Reconstructed
Evolutionary Process’

5: Whenever the process is Markovian,
as the birth-death processes and the Yule
process, the tree distribution is quite easy
to find as a jump is equally likely to hap-
pen at any branch due to memoryless-
ness.

[30]: Harvey et al. (1994), ‘Phylogenies
Without Fossils’

[56]: Nee (2001), ‘Inferring Speciation
Rates from Phylogenies’

[58]: Nee et al. (1994), “Extinction rates
can be estimated from molecular phylo-
genies’

[57]: Nee (2006), ‘Birth-Death Models in
Macroevolution’

[49]: Lambert et al. (2013), ‘Birth—-death
models and coalescent point processes’

[74]: Stadler (2013), ‘Recovering specia-
tion and extinction dynamics based on
phylogenies’

[80]: Stadler (2013), ‘How Can We Im-
prove Accuracy of Macroevolutionary
Rate Estimates?’

[3]: Aldous et al. (2005), ‘A Critical
Branching Process Model for Biodiver-
sity”

[64]: Popovic (2004), ‘Asymptotic geneal-
ogy of a critical branching process’

[22]: Gernhard et al. (2008), ‘Stochastic
properties of generalised Yule models,
with biodiversity applications’

[26]: Hagen et al. (2015), ‘Age-Dependent
Speciation Can Explain the Shape of Em-
pirical Phylogenies’

[41]: Jones (2011), ‘Calculations for multi-
type age-dependent binary branching
processes’

a common ancestor, and we hence do not see any extinctions in this tree,
even though they clearly represent an important part of the evolution of
the tree, why it is usually not sufficient to use the Yule process.

This complication was solved in [32, 59], deriving the distribution, not
only of the number of species through time having at least one extant
progeny at observation, but also the distribution of the reduced tree
generated by such a process, both for the constant and time-varying
situations.” Together with these papers, and the influx of higher-quality
data, a new interest in using stochastic processes for phylogenetics was
spurred, especially with papers deriving estimators for the speciation and
extinction rate based on the reconstructed phylogenetic tree [30, 56, 58].
For a good overview of the use of birth-death models in phylogenetics in
general, see [57].

A very large number of extensions have since been made to the birth-death
process as a model of molecular evolution, some interesting directions are
the inclusion of different sampling schemes of the extant individuals [33,
76], the inclusion of fossil records (and thus coming closer to modeling
the complete phylogenetic tree) [55, 77], dependence on the number of
co-existing species [65] and species-dependent speciation and extinction
rates [4]. For an overview of the different extensions, and how many
of them are actually a special case of a more general process called the
coalescent point process, see [49, 74].

Even sticking to the basic constant rate birth-death model however there
has been an abundance of papers deriving different likelihood equations
and other estimation frameworks for the estimation of the speciation and
extinction rates, see e.g. [21, 68, 76, 85, 90]. The main difference being
what to condition the process on when estimating. Should one condition
on the number of extant species? On survival of the process until the
present? The time since the origin of the process? The time since the
death of the least common ancestor? This certainly leads to a number
of different likelihood equations, and a number of different estimators,
and extending to the time-varying situation certainly doesn’t lower the
number of different approaches to estimation, see e.g. [55, 66, 79]. A
thorough comparison of these different estimators and recommendations
on what to condition on is given in [80].

More general branching processes have only been studied very sparsely
as a model for phylogenetics, and most of the work has been on Marko-
vian branching processes [3, 64], which are in many ways just another
formulation of birth-death processes. In recent years though, there have
been a few publications [22, 26, 41] on the use of age-dependent branch-
ing processes in phylogenetics, as they might solve a quite important
problem seen in most Markovian processes of tree evolution, namely that
the induced distribution over the discrete phylogenetic tree shapes are
too balanced.

1.1.5 Discrete stochastic models in phylogenetics

Tree balance is usually a topic that centers around the tree shape of a
phylogenetic tree, without considering any temporal components. Le. if
we threw away the times at which each branch was initiated under one
of our continuous-time processes, we would be left with a tree shape.
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Tree balance can be measured in many different ways, no one of which
is perfect [20], but all of them essentially measure how well balanced
each clade of the trees is, that is, if we remove the root of the phylogenetic
tree, is there a big difference between the number of branches in the two
resulting subtrees or not?

If we consider the Yule process stopped when it has a given number
of individuals, the induced distribution over tree shapes is well-known
and called the Yule-Harding distribution, first derived from a discrete-time
version of the Yule process in [27] and connected to the continuous-time
version in [2]. The Yule-Harding distribution has a high probability mass
at very balanced trees, that is, at trees where each clade is roughly of the
same size. Another way to approach this is from a purely combinatorial
point of view, where we could consider a discrete distribution over the
space of phylogenetic tree shapes with a given number of extant individ-
uals. The simplest distribution we could endow such a space with is the
discrete uniform distribution, in phylogenetics often called proportional
to distinguishable or simply PDA. As this is a uniform distribution, it is
not especially concentrated at either the very balanced or unbalanced
trees, it is simply flat.

When compared to empirical trees as done in [11], it is seen that the PDA
distribution has too high a concentration on the very unbalanced trees,
while the Yule-Harding distribution has too high a concentration on the
very balanced tree, so one would preferably want a model "in between"
these two. David Aldous proposed in [2] the -splitting model for this,
which he “pulled out of thin air”. Here § € (=2, 00) is a parameter that can
be changed to get as balanced or unbalanced trees as one would like, in
particular, it can produce both the PDA distribution (8 = —3/2) and the
Yule-Harding distribution (f = 0), and [11] showed that this distribution
fitted the empirical tree well with § = —1. This model might thus seem
favorable to the Yule-Harding distribution or the PDA distribution, but
the model has no clear biological interpretation, and in particular, has
no natural mechanistic continuous-time stochastic model for evolution
been shown to induce this distribution over tree shapes. In contrast, has
a very broad class of continuous-time models for phylogenetic trees been
shown to induce the, too balanced, Yule-Harding distribution.

1.2 Problems in modern stochastic
phylogenetics

The Yule process, the birth-death process, and their many extensions
still serve as the backbone of most stochastic phylogenetic thinking, and
in particular, these are the models that primarily are implemented in
software for estimating speciation and extinction rates [73, 79] as well as
a choice for the prior distribution of trees in Bayesian tree reconstruction
methods [18, 70], and are thus the most applied models.

But as noted, a large class of models, including most of these processes,
have been shown in [48, 49] to all induce the, too balanced, Yule-Harding
distribution over tree shapes. This class of models is called species-
speciation-exchangeable meaning that at any given time, the speciation rate

[27]: Harding (1971), “The Probabilities of
Rooted Tree-Shapes Generated by Ran-
dom Bifurcation”

[2]: Aldous (1996), ‘Probability Distribu-
tions on Cladograms’

[11]: Blum et al. (2006), “‘Which Random
Processes Describe the Tree of Life?”

[11]: Blum et al. (2006), “‘Which Random
Processes Describe the Tree of Life?”

[48]: Lambert (2010), ‘The contour of split-
ting trees is a Lévy process’

[49]: Lambert et al. (2013), ‘Birth-death
models and coalescent point processes’
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[74]: Stadler (2013), ‘Recovering specia-
tion and extinction dynamics based on
phylogenies’

[22]: Gernhard et al. (2008), ‘Stochastic
properties of generalised Yule models,
with biodiversity applications’

6: This is certainly a very crude picture
of evolution, but is nonetheless an ap-
proximation to what happens in nature.

[26]: Hagen et al. (2015), ‘Age-Dependent
Speciation Can Explain the Shape of Em-
pirical Phylogenies’

[42]: Jones (2011), “Tree Models for
Macroevolution and Phylogenetic Anal-
ysis’

[41]: Jones (2011), “Calculations for multi-
type age-dependent binary branching
processes’

must be the same for all extant species, and they are thus exchangeable.
This class includes extended birth-death processes which allows for

» Speciation rate changing over time

» Extinction rate changing over time and with the species’ age
» Number of co-existing species

» Independent sampling of extant individuals

on the other hand, the model does not include processes whose speciation
rates are age-dependent.

This result has shown that, if we are only interested in the tree shape
distribution, and thus not any temporal component of the phylogenetic
tree, then either of these models will give us the same answer, in particular,
could we freely choose to use the Yule or birth-death process. Now, as it
is fairly well-established that the Yule-Harding distribution does not fit
empirical trees very well, these models are surely problematic if we want
to represent the true evolution of species, in particular if we will use
them for estimating evolutionary dynamics. See [74] for a thorough look
at the consequences of these models and proposals for further work.

1.2.1 Incorporating Age-dependence

One obvious departure from the class of species-speciation exchangeable
models is a model where the speciation rate is age-dependent, this could
for example be a binary Bellman-Harris process with a non-exponential
lifetime distribution. As the Bellman-Harris process is generally much
more intractable than Markovian processes, and the fact they have not
been considered as models for phylogenetic trees until quite recently,
there are not a lot of theoretical results on e.g. their induced distribution
over tree shapes. In [22], which considers the special case with no
extinctions, a joint density function for the tree shape and branch lengths
is given through a recursive formula. Conditioning this on the number
of extant individuals and integrating over the branch lengths gives a
formal characterization of the distribution, but it is not in general clear
how such a distribution looks, and in particular it is not clear how it is
concentrated on more or less balanced trees, as it is highly dependent on
the choice of lifetime distribution.

With the particular choice of a Weibull-distributed lifetime, and again
assuming no extinctions, [26] have shown that the induced distribution
over tree shapes can actually interpolate between the Yule-Harding
distribution and the PDA distribution, much like is possible with Aldous’
B-splitting model. The difference from Aldous’ f-splitting model, besides
being a continuous-time process, is that the Bellman-Harris process
has a very clear biological interpretation in that species exist for a
random period of time, after which they might speciate and might go
extinct.® Further simulation studies in [26, 42] with different choices of
lifetime distributions, together with altering choices on the speciation
and extinction probability at the end of each individual’s life, confirm
this result for more general classes of lifetime distributions.

In [41], a series of equations regarding the (multi-type) randomly sampled
Bellman-Harris process as a phylogenetic model is stated and heuristically
argued for, and then a few applications of these equations are proposed.
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In particular, an expression for a given tree-balance statistic is given and
computed for a process with Pareto-distributed lifetimes, here showing
that altering the sampling rate can change how the tree shape distribution
is concentrated. Another proposed application of these equations is to
compute the joint density function of the tree shape and branch lengths
using a recursive formula like in [22] but with a much more general
model. Again, one could in theory marginalize this distribution over
the branch lengths to get the distribution over tree shapes, but this is
not considered. [41] speculates in this distribution being a possible prior
over the tree space (with branch lengths), in a Bayesian reconstruction of
a phylogenetic tree, but doesn’t consider it as a likelihood function for
estimating the speciation and extinction dynamics of the process.

A contrasting study to those above is that of [87] which argues that an
age-dependent model is not favorable in comparison to a simple Yule
process. This study however only considers branch lengths, not tree
shapes, and thus has naturally not found the same results as [26, 42].
It should be noted that [26] also considers the distribution of branch
lengths in their simulation study, and likewise finds no noticeable change
in branch lengths when changing the lifetime or offspring distribution.

1.2.2 Estimation in Bellman-Harris phylogenetic trees

Incorporating age-dependence in phylogenetic tree models is thus moti-
vated by the possibility of gaining more flexible models that can better
fit the empirically observed tree shapes. In particular, it has been noted
that in a Bayesian phylogenetic tree reconstruction, the choice of a Yule
or birth-death process prior or the phylogenetic tree space, might bias
the posterior distribution in an unwanted way [42]. However, this should
also motivate us to use a more flexible model in estimating the temporal
components of evolution from empirical trees, in particular, if a model
produces the wrong distribution over the tree shapes alone, we should
have no hope in it to produce the correct’ estimates for the speciation
and extinction dynamics.

Another speculative reason for incorporating age-dependence in a model
for estimating evolutionary dynamics is that it has recently been showed
that even under a simple time-varying birth-death process, the speciation
and extinction rates are not identifiable [53] from the number of lineages
through time in a reconstructed phylogeny,® which in particular is
equivalent to it being unidentifiable from the whole reconstructed tree, as
it is well known that the likelihood equation does not depend on the tree
shape in a species-speciation exchangeable process [68, 78]. In contrast,
is the density, and thus likelihood function, of [41] very much dependent
on the tree shape, so one might speculate that if we can exploit more
information from an empirical tree, this might make the time-varying
rates identifiable. This has to the best knowledge of the author not been
studied.

1.2.3 Mathematical motivation

From a purely mathematical point of view, there has, as mentioned,
been little work on incorporating non-Markovian branching processes

[87]: Venditti et al. (2010), ‘Phylogenies
reveal new interpretation of speciation
and the Red Queen’

7: There of course is no such thing as a
correct model, but we might strive to get
the model that explains data the best.

8: Note that [50, 51] has shown that a
quite flexible class of rate functions are
identifiable.
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9: Such processes are often called branch-
ing processes in a varying environment.

[46]: Kimmel (1983), ‘The Point-Process
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Branching Processes’

[40]: Jagers et al. (1985), ‘Branching Pro-
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[71]: Sagitov (1986), ‘Reduced Critical
Bellman-Harris Branching Process with
Several Types of Particles’

[37]: Jagers (1989), ‘General branching
processes as Markov fields’

[41]: Jones (2011), “Calculations for multi-
type age-dependent binary branching
processes’

into a phylogenetic framework, and even less on time-varying non-
Markovian branching processes. Actually, the whole field of continuous-
time branching processes contains very little literature on time-varying
processes.” Specifically, for the time-varying Bellman-Harris process,
the only work known to the current author is [46]. A few papers exist
for the more general time-varying Crump-Mode-Jagers process [40, 61,
62], but in general researchers are often more interested in limiting
behaviors of branching processes, in which general time-variability is
hard to incorporate. Hence a more thorough mathematical examination
of a time-varying Bellman-Harris process in itself would be interesting,
furthermore, if such a process could be applicable in a phylogenetic
setting, this would be a generalization of the results of [22, 26, 41].

The natural extension of the reconstructed birth-death model of [59],
is called the reduced branching process, and is the process counting the
number of individuals through time which leaves at least one extant
progeny. This process was first proposed for Bellman-Harris processes in
[86] and later studied in [71]. Although it is essentially this process that
[41] considers, it is not mentioned in the paper, and it generally never
seems to have explicitly been used as a model for phylogenetic trees. No
known studies have characterized the full distribution of the reduced
Bellman-Harris process either or taken time-variability of the lifetime
and offspring distribution into account.

1.3 A preview

This thesis tries to shed light on some new directions in models for
phylogenetics inspired by the described limitations and problems of the
birth-death process and its extensions and to give solid mathematical
ground to a field that is often dominated by heuristic arguments.

In Chapter 2 we start by investigating the foundational theory for branch-
ing processes and see that a generalization of the Bellman-Harris process,
which takes into account time-variability of the lifetime and offspring dis-
tribution, fits into a general framework of branching processes proposed
in [37]. In particular, will we construct sample spaces and probability
measures hereon such that we later can define our branching processes
rigorously, and we will prove a Markov-like property of our probability
space called the branching property. This branching property will be
essential in the remainder of the thesis, as proof after proof will revolve
around this property.

Continuing to Chapter 3, we get to define the classical notion of a
branching process, together with the reduced branching process, both
under the general framework of branching processes counted with a
random characteristic. With the definitions at hand, we go on to make a
full characterization of the distribution of the reduced branching process
by finding an integral equation for its generating function over time.
Specializing to a reduced binary branching process, we derive a series
of equations for interesting quantities similar to those of [41], but here
stated in more generality and derived from the generating function of
the process.



In Chapter 4, we initially consider how to model reduced phylogenetic
trees and come up with a framework for doing so from a branching
process. In particular, we define the space of finite trees with edge lengths
as a measure space, in which a random reduced branching tree will take
values. Finally, we get to a characterization of the distribution of the
reduced branching tree through the quantities that we have described in
Chapter 3. This distribution is then seen to have a density with respect to
the measure we defined on the space of trees. This density is the crown
jewel of the thesis.

Finally, in Chapter 5, we look at how all the math we went through might
have important consequences for scientific advancements, in particular,
of course, in phylogenetics. The advantages and limitations of our model
are explored and a look at further directions of study is given. We also
consider the feasibility of an implementation of this method, as to make
it readily available for practitioners.

This thesis contains, to the best knowledge of the author, several (partly)
novel results, in particular, we have throughout our results incorporated
time-variability which is not considered anywhere else, and we have
formulated and proved all results on a rigorous measure-theoretic foun-
dation, which again is not done anywhere else. In the introduction to
each chapter, we specify which results are novel.

1.4 de Finetti notation

We will in general use quite standard notation of probability theory,
and aptly label any deviations or special notation throughout the the-
sis. We will however use a somewhat unconventional convention for
writing expectations. All around the thesis, we will be constructing new
probability measures, and whenever we want to take an expectation it
should be made clear with respect to which probability measure we are
integrating. Now, instead of the more traditional way of signifying this,
e.g. by using subscripts on the expectation operator such as Ep and Eq
for the integrals with respect to IP and Q respectively, we simply use the
symbol for the measure as the expectation operator itself. Le. if X is a real
integrable random variable on some measurable space (X, €) on which
both P and Q are probability measures, we write

]PX::IXdIP and QX::JleQ.

This is called de Finetti notation, and is not only useful in that it can
simplify some notation, but when you first get used to it, I personally
believe that it makes many arguments clearer, one very simple example
is that moving between expectations of indicator functions and the
probability of their events become much cleaner. For more motivation on
why to use de Finetti notation, see [63, Chapter 1.4].

1.4 de Finetti notation 9
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sure Theoretic Probability






Foundations of stochastic
branching populations

2.1 The population

The fundamental unit of interest in branching processes is the set of all
potential individuals who could possibly live, give birth to a number
of new individuals, and die. We will call this set of individuals the
branching population or simply the population.! Branching populations are
characterized by originating from a single ancestral individual, call her
the ancestor, this ancestor has a number of potential offspring, each of
which can be considered the ancestor of their own sub-population.

To study the branching population, it is necessary to construct a labeling
of its members. Any such labeling should needless to say be rich enough
to reflect the actual empiric population under study. First, we label the
ancestor of any population by 0. If we do not restrict the number of
potential offspring of each individual, we can label the potential children
of 0by N = {1, 2, ...}, her potential grandchildren by N? and so on. Let us

for now, not repeat the semi-redundant "potential” in front of all kinship.

This labeling will then in general be given as (x1, x2, ..., x,) € N" for
some 1 € N being the x,th child of the x;,_1’th child of --- the x1’st
child of the ancestor. If we identify each individual with its labeling, the
branching population becomes the full Ulam-Harris space

I]N = COJ IN”
n=0

with the convention N = {0}.

In applications where we a priori restrict the number of potential offspring
of any individual to be N € IN, we can reduce the offspring labeling set
to {1, ..., N} and obtain the N-Ulam-Harris space branching population

Iy = {1, ..., N}"
n=0

again letting {1,..., N}* = {0}. A particularly interesting branching
population for us is the binary Ulam-Harris space where N = 2, this arises
for example when individuals can only ever die or split into two. Having
decided on the choice of branching population, we will often just denote
itby I.

2.1.1 Operations and relations on Ulam-Harris spaces

On any of these Ulam-Harris spaces, we can define a series of operations
to make life easier in the sequel. For x = (x1, ..., X,—1,x,) € I \ {0} its
generation is g(x) = n and its mother is given as

mx = (x1,..., Xy-1)

2.1 The population ... ... 11
2.2 The basic sample space . 14
2.3 The probability measures 18
2.4 The branching property . 22

1: The population we discuss here is of
course just an abstract representation
of some collection of actual individu-
als, groups of individuals, cells, or other
kinds of particles. But we will often think
of it, and refer to it, as a population of
female humans considering that our in-
dividuals can "give birth". Thus we use
phrases like x is the mother of y or y is
the daughter of x to reflect that y is an
offspring of x. This is also in the tradition
of branching processes and population
dynamics more generally [36].
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2: We can actually talk about y being the
greatest element as any two lower bounds
of S must be comparable.

3: The central motivation for using
Ulam-Harris-type spaces to represent
branching populations is in fact that they
are semilattices. Hence much of the the-
ory just works if we more generally let |
be a semilattice, [37] provides examples.

4: There is no canonical name for such
trees, but when the Ulam-Harris type
labeling is used for trees it is often called
the Neveu notation as Jacques Neveu
seems to be the first to consider trees
as generated by branching processes in
[60].

when g(x) > 1and mx := 0if g(x) = 1. Naturally, we can iterate the use of
m and denote by m**1x the k’th grandmother of x whenever g(x) > k. By
convention, we let g(0) = 0, m0 = 0 and m%x = x for all x € I. Moreover,
the rank (in sibship) of x is given as rx = x,, but note that the ranking
of siblings with a common mother is often completely arbitrary unless
we allow for offspring to be born sequentially during the life of their
mothers.

For two individuals x = (x1, ..., x,) and y = (y1, ..., k) the concatenated
individual xy is given as

Xy = (X1, eeey Xp1, Yi, .-y yk)

where we let 0 act as an additive identity, 0x = x0 = x for all x € I. Note
that mx rx = x.

The maternal operation m induces a partial order < on the Ulam-Harris
space where for x,y € I,

x<y & FkeNy:x=mky

and we say that y stems from x. Note that x stems from x, which is not
always the intention, so we also define the strict partial order,

x<y & FkeN:x=mhy.

If for x,y € I we either have x < y or y < x, we say that x and y
are comparable, in particular 0 is comparable with any x € I while if
g(x) = g(y) then x and y are only comparable if x = y.

For two subsets L, M C I we write L < M if for each y € M there is a
x € Lsuch that x < y. Seen this way < is also a partial order on 2!, and
whether we denote by < the relation on I or on 2! should be clear from
the context. Under < (as a relation on I), any non-empty finite subset of
the population M C I has a greatest lower bound, that is the greatest
element y € I such that y < M.2 We call this element the least common
ancestor and denote it [ca(M). This fact renders I a lower-semilattice.?

We will in some cases need a linear order on I. This entails no problems
in practice as we can define an arbitrary linear extension of <, thus
preserving the mother-daughter ordering. One possible linear extension
of < is < which satisfies0 <1 <2 <11 <3 <111 <--- wherex <y
if the digit-sum of x is less than the digit-sum of y and the ordering is
arbitrarily chosen if they have the same digit-sum. As daughters of x
are of the form xk for k € Ny, they clearly have a higher digit-sum than
their mother, and other individuals with the same digit-sum must be
non-comparable with the daughter under <.

2.1.2 Neveu trees

An Ulam-Harris space will usually represent all potential individuals in
a branching population, even those who might never be born. Restricting
our attention to only individuals satisfying some criteria, for example,
those who are actually born at some point gives rise to certain subsets of
Ulam-Harris space called Neveu trees.*



In concurrence with graph-theoretic planted oriented trees® and the intuitive
sense of a genealogical tree, a Neveu tree should contain a distinguished
root vertex, the ancestor, the tree should be connected, that is the ge-
nealogical lines of individuals should be preserved in the subset, and the
offspring of each individual should be labeled increasingly. Formally, we
say a subset y C I is a Neveu tree or simply a tree if the following holds

» 0ey
P XEY = MXEYy
» yjey = yieyforalli <j.

moreover, if each generation is finite, we call the Neveu tree locally finite,
that s,

» #(y NIN") < oo forall n € Ny

Note that the underlying Ulam-Harris space I is, of course, itself a
Neveu tree, but it is only locally finite if we specifically work with an
N-Ulam-Harris space, as each generation is otherwise of infinite size. The
conditions for a Neveu tree above are sufficient for all of the retrospective
operations and relations given in Subsection 2.1.1 to be identically defined
on Neveu trees, that is, all but the concatenation of individuals, which
in general does not work. In particular, every tree is a partially ordered
set in which all finite subsets have a greatest lower bound, i.e. a least
common ancestor.

Example 2.1.1 Consider the finite Neveu treey = {0, 1, 2,11, 12,21, 22}.
The following statements are obvious, 1 < 11, ¥(12) = 2, and g(21) = 2.
Likewise, we can find least common ancestors of any subset of y, for
example

lca{12,21} =0, [lea{11,12} =1, and lca{2,21} =2.

Contrary to what is possible on I, we cannot concatenate individuals
without some care, for example, concatenating 2 and 11 is not possible,
as 211 is not contained in the tree, but concatenating 2 and 1 is possible
as 21 € y. See Figure 2.1 for a graphical depiction of this Neveu tree
from which the statements above should be evident.

We now introduce a few natural collections of Neveu trees,

Neo := {y € I: 7y Neveu tree}
N :={y CI:ylocally finite Neveu tree}
N :={y CI:y finite Neveu tree}

which are nested with the following inclusions,

MCNCN, 2t

In Chapter 4 there will be much further expansion of the theory of Neveu
trees, but for now they are just specific subsets of the population.

2.1 The population | 13

5: See Subsection 4.1.2 for more on the
connection to graph theory.

1l

11 12 21 22

Figure 2.1: The Neveu tree of Exam-
ple2.1.1
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11 12 21 22

Figure 2.2: Illustration of an ancestor
set, progeny set and a stopping line as
described in Example 2.1.2.

6: As of now, (QQ, &), and in a bit also its
extensions, are just measurable spaces,
but we will in the prequel define proba-
bility measures on them, hence, without
trouble, we can already now, at least ver-
bally, treat them as probability spaces

2.1.3 Other subsets of individuals

Neveu trees are not the only interesting subsets of individuals. Motivated
by the genealogical order < of individuals, we define the ancestors and
the progeny of a given set M C I,

AnM:={xel:x <M}
PrM:={xel:x> M}

Note that M € Pr M but M ¢ An M, this is simply a convention, but it
is important to remember. Other than this slightly unnatural convention
the two sets have exactly the meaning that their names convey.

As a perpendicular concept from genealogically motivated sets, we can
define a set V to be a stopping line or simply a line if no two distinct
elements of V are comparable under <, thatis, V is a stopping line if

x,ye€V = x £Lyandy £ x.

Hence if we think of the genealogical lines of the population as moving
vertically wrt. <, stopping lines are cutting through them horizontally and
individuals of a line can hence not be directly related. Trivial examples
of stopping lines are N" for all n € N, any singleton individual, and the
head hM of any subset M C I defined as

hIM={xeM:Vyel:y<x = y ¢ M}

Example 2.1.2 Consider the Neveu tree of Example 2.1.1. On this tree,
we can illustrate the genealogical subsets of individuals and stopping
lines. Note that these are of course generally defined on the full Ulam-
Harris space, but this is very big and uncomfortable to illustrate. On
Figure 2.2 we see superimposed on the Neveu tree, the progeny set of
1, restricted to the tree, Pr{1} N y depicted in blue, the stopping line
{2,11, 22} depicted in green and the ancestor set of {21, 22} depicted in
red. Notice that the green stopping line goes in the opposite direction
of the blue and red genealogical lines.

Stopping lines will play a pivotal role in our analyses as we will see that
when two individuals are non-comparable, and we know the history
of those individuals” ancestors, they will behave independently of each
other.

2.2 The basic sample space

The following exposition will consider the full Ulam-Harris space In,
however little to no effort lies in restricting the proofs to work on any
Iy for N € N, in particular, all the results still hold under the binary
Ulam-Harris space.

To construct the probability spaces on which our processes live, we now
endow each individual x € I with a copy of a measurable space (Q, o),
which we will call the life space.® The elements w € Q are the possible life



careers of the individual. This entails that all relevant characteristics of the
life of an individual should be possible to frame as random elements on
(Q, o), that is, they must be measurable mappings of the life careers onto
some value-space. For our purposes, this means that () should be rich
enough that we can define a random variable L : (Q, of) — (R, %) and
a stochastic process N := {N(t)};er where N(t) : (Q, o) — (N, 2N)
for each t € R. L will represent the lifetime of an individual while N (¢)
will represent the number of offspring an individual produces were it to
die at time ¢.

Remark 2.2.1 Contrary to the approach in [61, 62], we let the time
dependence of the lifetime distribution be handled by varying the
background probability measure instead of constructing a sequence
of variables with different distributions. This allows for a rigorous
measure-theoretic treatment, especially for formulations of conditional
distributions and dependence structures in the population.

We can consider all potential individuals’ life careers at once through the
product space (Qf, ') := (X1 Q, e ), called the population space.
The sample space on which the processes under study will be defined,
however, should contain all these life careers as well as the origin time of
the population, as two populations will evolve differently when initiated
at different times. L.e. we define our background sample space, which we
will call the time-population space, as

Q,d):=(RxQ, B

where (R, %) is the real Borel space representing the possible origin times
of the process. In this way, an element @ € Q of the time-population
space is of the form @ = (179, {wx € Q : x € I}) representing the origin
time of the population together with the life careers of all potential
individuals.

The population space (Qf, s’ being a product space of the life spaces, it
is natural to define the canonical projections onto sub-product spaces,
and in particular onto each individual life space. For any M C I
we let (M, M) := (X, em Q, Qyrem «7) and define Uy, (QI, sdl) —
(QM, M) as,

Uy (w) :={wy : x € M} (2.1)

when w = {wy : x € I}. Forany @ = (19, w) € Q we can likewise define
the same projections as being from the time-population space to any
(QM, aM) as Up(@) := Up(w), and we will notationally not distinguish
between these two. For further notational ease we will also at times write
@M := Up(w). With these projections, we can lift any random variable
defined on the life space to the population space or time-population
space by function composition of the random variable and the projection
onto the life space on which it is defined, i.e. if £ is a generic random
variable defined on (Q, o), we let &y be the variable defined on (Q!, ')

or (5, E) by

&x(w) = E(Ux(w))
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[61]: Pakkanen et al. (2023), ‘Unifying
incidence and prevalence under a time-
varying general branching process’

[62]: Penn et al. (2023), ‘Intrinsic ran-
domness in epidemic modelling beyond
statistical uncertainty’



16 | 2 Foundations of stochastic branching populations

7: We will use these two names inter-
changeably, as in some situations it is im-
portant to note that the individual is dy-
ing at this time, while in other situations
is it more important that the individual
(possibly) produces new individuals at
this time.

for all w € Q! or likewise for @ € Q.

As the number of offspring of each individual is assumed finite, but each
generation in our full Ulam-Harris space is infinite, this space is clearly
unnecessarily large for the description of the actually realized population.
However as it is still a countable space, most constructions are still fairly
simple, and in cases where it is essential only to consider the individuals
who are actually born, we can focus on that part of the space.

2.2.1 The realized population

Denote by 7, : (Q,d) — (R, %) the (possibly not realized) birth time of
x € I, defined recursively forany @ = (7, {wy : x € I}) € Qas (@) =7
and

T3 (@) := Ty (@) + Ly (@)

for the remaining x in I \ {0}. Notice that 7, only depends on the origin
time 7o and the projection Uan, » onto (QANX, ofAnY) 50 we will often think
of it as a function of the life of its ancestors, Ty : (RxQAMY, B® o7A"Y) —
(R, %) or with the domain being any higher product space than that.
In the same way, we can define the death time or splitting time’ of each
individual x € I as 0y : (Q, 1) — (R, B) by

0x(@) := Tx(@) + Ly (@)

Notice that Ty(®@) = omy(®@) for all x # 0, i.e. each individual’s birth time
is her mother’s death time. This, together with the coming assumption
that the lifetime variable and the offspring process are independent, is
exactly the assumptions making our process a Bellman-Harris process.

Projections onto the progeny of each individual will be of special im-
portance as if two individuals are non-comparable under <, we will
see that their progeny will live on independently of each other. Thus
we introduce the shift operator S, : (Q, d) — (Q,d) for each x € I on
the time-population space, essentially making x the ancestor of its own
sub-population initiated at time T,

5:(@) = (tx(@), Upr (@) = (1e(@) {wy : x 2y}) . (22)

As noted, the space I contains all potential individuals, even the ones
who are never born, and even though we have now given them a "birth
time", this is not a natural construct for individuals who are not born.
Consequently, we define the set of actually realized individuals and
their realized birth times. Initially, the realized individuals in generation
n € Ny can be given recursively as a random subset of I, R, : (5, d) —

(2N, 22Y")
Ro(@) := {0},

Rn(@) = {x eN":mx € R,_1(@), rx < me(fx(ca),ca)}

and the random set of all realized individuals R : (ﬁ, E) — (ZI p 221) is then
given by R(@) := Uren Rn(@). We note that the value space of the full



set of realized individuals can by construction be restricted to the set of
locally finite Neveu trees, equipped with the power-set g-algebra (&, 2"),
as N(t) is a.s. finite for all f € R.

Remark 2.2.2 In the seminal papers by Jacques Neveu and Brigitte
Chauvin [12, 60], another sample space is constructed for the Galton-
Watson and Bellman-Harris processes, which is not excessively large for
the definition of the processes. The elements of this sample space are
on the contrary exactly the realized Neveu trees, where each individual
is marked with their life length. In this way, the whole life career, in
particular the life length and number of offspring, of each individual
is specified from the tree. In the same way, we can heuristically think
about each element @ € Q as a realized Neveu tree with marks on
each individual corresponding to their lifetime.

In contrast to the usual approach of leaving the sample space un-
specified, including that of the current thesis, this is a very direct
construction of the sample space, but one that is not uncommon in the
theory of branching processes, see for example, Harris’ construction in
[28, Chapter VI Sec. 2].

We conjecture that parts of the theory in this thesis might have been
more elegant in the Neveu-Chauvin framework, however, the papers
have to the knowledge of the author never been translated from their
original French, making the content quite inaccessible.

With these definitions at }land, we can define the realized birth time of
individuals x € I, T,: (Q, o) — (R U {0}, Boo) recursively as

(o) @ xR,
WO e, ifx eI\ R(a)

and 7y ((7, {wy : x € I})) = 7. This has the interpretation that individuals
with birth time co are never born. The realized death time or realized splitting
time is similarly defined, G, : (Q, o) — (R, &) for each x € [ as

0x(@) := Ty (@) + Ly (@)

where, again, the realized splitting time of a non-realized individual is

(e o

Finally, like the definition of the realized n’th generation, we might be
interested in the realized individuals, alive_at iime t € R. This can, for all
t € R be defined as the random set Z;: (Q, o) — (2], 221),

Fi(@) ={xel: (@) <t <d (D)}

If we do not care whether or not the individual has died again, we obtain
the (finite) Neveu tree of i_ndz)iduals born before time t, also called the
complete tree at time t, Yy: (Q, o) — (M, 2/, given by

Yi(@):={x €l: T (®) <t}

The assertion that Y; takes values in the space of finite Neveu trees is
due to the offspring process only taking finite values and the lifetime
distribution being strictly positive, so a positive amount of time has to
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[12]: Chauvin (1986), ‘Arbres et processus
de Bellman-Harris’
[60]: Neveu (1986), ‘Arbres et processus
de Galton-Watson’

[28]: Harris (1963), The theory of branching
processes
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pass between two births.

2.3 The probability measures

For each life space, we now want to specify the distribution of the two ran-
dom elements L and {N(#)}+er as image measures of some background
life law. The distributions of these elements are considered dependent on
the individual’s birth time, so we must define the probability measure
on the life spaces to be dependent on the birth time of the individual
too. Then, from these time-dependent measures on the life spaces, we
will further establish a probability measure on the population space,
again being time-dependent, but now only of the origin time of the
full population, i.e. the birth time of the ancestor, as the lives of each
individual will then fully determine the birth time of their children.
Choosing a prior distribution over the origin times of the population, we
also gain a probability measure on the time-population space.

All this is achieved formally by assuming we have a (R, 9%)-Markov kernel
(Ar)rer on each life space, such that A; is the life law of an individual
born at time 7 € R. We will see that this induces a (R, %)-Markov kernel
(P7)zer on the population space, such that for T € R, IP; gives the life law
for the whole population. If we for an individual x € I in a population
originating at time 7 € R, know her birth time, i.e. 7y, then the life of x
follows the life law A, independently of everything else.

The setting here is akin to that of a m-stage experiment where the outcome
of the first m —1 experiments affects the distribution of outcomes from the
m’th experiment. Our case is complicated slightly by being an experiment
with a countably infinite number of successive experiments, only some
of which affect each other. This can, however, be dealt with by evoking
Ionescu-Tulcea’s extension theorem and switching between our partial
order < on I and the chosen linear extension <.

Proposition 2.3.1 Let (Ar)er bean (R, B)-Markov kernel on (QQ, o), then
there is a unique (R, B)-Markov kernel (Pr)rer on (Q!, !) such that for
all T € R, finite M C 1 and Ay € <7, for each x € M

P, Uy,

> 4.

xeM

0
= J~ 000 J: 1_[ dATy(a)Any)(Cl)y)
Ao A

xn Y=Xn

with 0, x1, X2, ..., X, being all the elements of An M W M ordered according
to < and with Ay € o/ given as

- Ay, xeM
Ay =
Q,, x€AnM.

Proof. Let (Qy, dy), x € I be copies of the life space and for a given 7 € R
consider A; a probability measure on (Qy, o).

Under the linear order < on I we can identify each x € I with a unique
natural number iy € INg being its rank under <. We will in the rest of the
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proof interchangeably use x and i, to mean the appropriate element of
I. This allows us to write something like iy € I or Ani, while actually
referring to x € I and An x respectively.

We can then define the k’th product space, being the product space of
the first k individuals under <,

k
(Qk,sﬁk) = (>< Q;, é@{z
i=0

i=0

note in particular that in the limit (Q*, #*) = (Q!, o#!). For each k € N
we then construct a (Q*~1, gt¥~1)-Markov kernel x® on (Qg, dy) such
that for x € I \ {0} and 0>~ € Q71

Kiy ((‘)i:{_l' ) = ATx(w"xfl)( : )

The tensor product of these first k sequential Markov kernels is itself a
(Qqg, sdp)-Markov kernel ®5f:1 i on (QF, 1) and the integration of this
Markov kernel with respect to the probability measure A, then defines a
probability measure, as we treat 7 as fixed,

on (QF, g1¥) [47, Corollary 14.27]. By Ionescu-Tulcea’s Theorem [47, The-
orem 14.35] we thus have a unique probability measure IP; on (Q, s1!)
such that for A € &%, k € Ny, we have

P, = PX(A).

A><><Qi

i>k

For finite M C I, the pre-image of the rectangle X ey Ax where A, € o7,
x € M, under Uy; becomes

Uy,

X 4.

xeM

= X A x X Q,

x<M x¢tM

where A, € o/, x € An M U M is given by

- Ay, xeM
Qy, x¢M

and so, if the maximal element of M, i.e. the minimal element of I under
< such that all x < M also satisfies x < m, is of rank m € Ny under <,

8: Using the same notation for x as for
our life kernel introduces an overload
of subscripts, hence we use a slightly
different notation where the index enters
as the first argument of the kernel seen
as a function.

[47]: Klenke (2020), Probability Theory
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[47]: Klenke (2020), Probability Theory

the probability of the rectangle under IP; becomes

X A

m
P U}, =P | X A :J Cd|A e R
xeM x<M Xxeo,M] Ax i=1
r r r

— e de(a)m_l,a)m)-" dKl(CL)O, CUl)dAT(wO)
JAy JA; JAn

r r r

= T I dATxm (w"’*l)(wm) T dATl(mo)(wl) dA-(wo)

= R B dATXm (mA“"m)(a)m) e dAT] (mo)(wl) dAT(wO)
JAy JA; JA,

r r r 0

= e dATxk(wAnxk)(Cl)k)

ugo JA; JAu k=m

where we have used Tonelli’s Theorem for kernels [47, Theorem 14.32],
the definition of x; and that 7, can be thought of as a function on
(QANX, gfANY) when T is fixed.

Now, many of the integrals above will evaluate to one, as long as they
are not ancestral to M. To show this we can find a maximal non-ancestor
y < M, ie. anelement y ¢ An M W M such that all other non-ancestors
have a lower rank under < than y. This ensures that x € AnM UM
for all x > y, and in particular we see the remaining nested integrals
inside the Ay (an yy(wy) integral cannot depend on wy, and can thus be
pulled out. Using that A is a probability measure for all T € R and that
An y)(a)y) integral evaluates as

Ay = Qy as y ¢ M, the A’l’y((u
iy+1
dA, (aniey(@i) | dA_ ( aniyy(@;
J‘Aiy (J‘Aiy+l JAm ll:r[n i (" k)(a)lk) Tfy(wA /)(wly)
not dependent on w;,,
iy+1
= dA Ani (a))J‘ “’J dA Ani (a))
JA:‘y A Afy+1 A IDn (VTR
iy+1
= A'(y(a)A“y)(Qy) J~ e JN I—[ dAT,‘k(a)A“ik)(a)ik)
Aiy+l Am k=m

iy+1
= J~ . e J~ l_[ dATik(wAnik)(Cl)ik)
Aiy+l Am k=m

Repeating this argument until there are no more non-ancestor integrals
left and denoting the <-ordered elements of An M U M by 0, x1, ..., x,
we gain the expression as wanted

P, |U;,

X Ax

xeM

0
= J~ A 1—[ dATy(a)A“y)(w}/)

A Axn Y=Xyu

For given 7 € R, [P, is clearly a probability measure, and for given A =
UX/} (A ) for finite M C I with maximal element of rank m, Ay € sAM
we have 7 — P;(A) = P"(Apm) is (R, %) measurable as P is a kernel
for all m. Hence (P;).;cr defines a (R, %)-kernel on (Ql, &41), as it is
sufficient to check the (R, %) measurability of 7 +— P, (A) for sets in a
N-stable class generating s/, for example the class of sets of the form



U (Am). O

From now on we will hence consider the life and population spaces as
probability spaces each endowed with their respective kernel giving
them, not only one, but a sequence of probability measures. In most of
our treatment, we will solely be considering an a priori known origin
time of the whole population, and hence a chosen measure from the
kernel. Changing the origin time will hence mostly be relevant when
considering shifted populations i.e. when working with S, for some
x € I, in which case the origin time of the shifted population will
change to be the birth time of the individual x, now considered the
ancestor. If we put a prior distribution over the origin time, however, say
7o ~ O for some probability measure O on (R, &), then the integration
measure O ® (IP;);er provides us with a probability measure on the
time-population space [47, Corollary 14.26]. Back in the situation where
we priori know the origin time, it might still come in handy to have a
measure on the time-population space, and simply choosing the prior
distribution on origin-times as having full measure at the known value
give us such a measure,

Remark 2.3.1 For a given T € R, Proposition 2.3.1 defines IP; as a
measure on (QI ol ), but we will often need to treat it a measure
on (ﬁ, E) but where we know that 7y = 7. We should thus consider
(P7)zer a regular conditional distribution of @ = (79, w) given 7o, and
associate with P, the integration measure 6 ® (Pr).er Where 0. is

a Dirac measure on (R, %) with full measure at 7. I.e. we could for
A € d! and B € B write

Pr(B X A) = P-(A) 15(7)
or the other way around,
P, (A) = P;({1} x A)
This is of course an abuse of notation, but it will nonetheless make

much of our exposition clearer, hence we make the sacrifice.

In the same way, when we by P, denote an expectation operator,
we may apply it to random variables defined on (Q, o). This again
poses no real problem as it corresponds to associating IP; with the
integration measure 0, ® (IPr);cr and we thus have for any integrable
or non-negative function &: (Q,9) — (R, %),

n

P& £dor @ Py
=] J é("(o, w) d]PT(CU) déT(TO)
— | &z, 0) dP(w)

=P [&(7, )]

From a practical point of view, treating IP; as a regular conditional
distribution simply lets us change any 7y inside of a probability or an
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9: Note that there is nothing stopping
us from defining the o-algebras with re-
spect to sets of individuals which are not
lines. We define them for lines as these
are the only sets we wish to condition
on.

expectation to the deterministic 7 and to treat any variable dependent
on @ = (Tg, w) € 9 as only dependent on w € o'

The processes we will consider are intricate combinations of the random
variables defined on the probability spaces above, and if we did not know
anything about the dependence structure of these variables, analyzing
such processes would be inconceivable. The construction of IP;, and in
particular the dependence structure between each instance of the life law,
however, reveals an independence property of the population, which we
will return to again and again in characterizing distributions of variables
and processes defined from the population. Unmasking this property is
the goal of the next section.

2.4 The branching property

The main trouble in the search for this independence property is that it
is not grounded in the real-time evolution of the process, as it usually
is for continuous-time stochastic processes, e.g. the Markov property
that loosely states that the future is independent of the past given the
present. Instead, the independence is between the future progeny of
an individual and the remaining population, given the birth time of
the individual. Le. the dependence is genealogical in the sense that if
we know the birth time that the mother gives to her child, the life law
of the child and all of its progeny are known and independent of the
remaining population. The property is seen by regrouping integrals in the
expression in Proposition 2.3.1 such that the distribution of the progeny
on the individual appears under its ancestors’ integrals determining the
birth time of the individual.

We will further see that stopping lines, i.e. sets of individuals that are
not directly related, are interesting in generalizing this dependence
structure, as they form a set of individuals whose progeny will live on
independently of each other and the rest of the process if we know each
of their birth times. This again has the consequence that we can regroup
the integrals for each individual in the line, as these will not depend on
each other, into each conditional distribution given their birth times. This
would not be the case for a general set of individuals as the birth time of
an individual is certainly not independent of its ancestors.

2.4.1 Information of the non-progeny lives

To state such a result, we need to define an object that contains the
known information that we want to condition on, i.e. we want to define
a sub-g-algebra of s/, containing information about all the population,
but the progeny of the individuals in a line. Thus for a stopping line’
V' C I, the non-progeny o-algebra of V, denoted by Fy is the o-algebra
generated by the projection mapping onto all life spaces, but the ones for
the progeny of the line, i.e.

Fy -

o(Uy:x¢PrV).

A property of the non-progeny o-algebra makes it, at first, slightly
unnatural to work with. Consider two lines, one contained in the other,



V’ ¢ V. In this situation, V' has more non-progeny than V as the
progeny of the individuals in V \ V” is also non-progeny of V’, hence
more projection mappings are measurable with respect to %y than with
respect to Fy . In other words, the larger the line, the less information is
contained in the corresponding non-progeny o-algebra, Fy C Fy.

Considering lines that stem from each other, however, defines the natural
nesting of these ¢g-algebras. Notice thatif V < V' then PrV’ C PrV so
there are more non-progeny of V’ than of V, and hence %y, C %Fy. This
allows us to consider {Fy : V C I line} as a filtration under <. Notice in
particular that if V is infinite, then we can look at a sequence {V;; }en
where V,, contains the first'® n individuals of V and thus have that
Ty C Vyi1. Thus we have Fy, O Fvy, ., and thus Fy, | Fy as needed for
backwards martingale convergence [47, Theorem 12.14].

A slightly simpler o-algebra, will be helpful in proofs, namely the ancestor
o-algebra, denoted by #y, which is generated only by the projection
mappings onto the ancestors of the line,

Hy :=0Uy:x € AnV)

note that #y C Fy as AnV C (Pr V)C. The idea with using #y over
Fy is that if V is finite, then the set {U, : x € AnV} of the generating
mappings is finite, and one can show that the o-algebra is then generated
by the N-stable class

X Ay

YyEANV

G, = {UX;V 1Ay € si! for each y € An V}

which contains Q. The generating sets in 6y, are much preferable for
example when we want to apply Proposition 2.3.1. The important point
is now that sometimes it doesn’t matter whether we condition on %y or
#y, and in that situation, we surely prefer to work with the easy one.

2.4.2 The simple branching property

The first, and for us most important, form of the branching property is
now stated and proved. The proof has some technically detailed steps, but
the essence of it is to exploit the partial associativity of Proposition 2.3.1,
in that we can collect the integrals for the progeny of each individual,
forming the full conditional distribution of those progeny given the
individual’s birth time, which is itself determined from the integrals for
the rest of the population, i.e. the non-progeny.

Theorem 2.4.1 Let © € R. For any x € I, P;_is a reqular conditional
distribution of Sy given F and the Branching Property holds, i.e. for any
line V C I and functions @ : (Q, ) — ([0, 1], Bjo,17) for each x € V,

IPT OJV

1—[ ®x (Sx)

xeV

= I—[Pn [px].

xeV

In particular, we have that the shifted populations of a line {Sy : x € V'} are
conditionally independent given Fy .
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10: "First" meaning just some principled
way of choosing individuals from V with-
out replacement. One could take the n
individuals ranked lowest under the lin-
ear order <.

[47]: Klenke (2020), Probability Theory
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[34]: Jacod et al. (2004), Probability Essen-
tials

11: The slightly weird naming of this set
is intentional, it should be understood
as M, C I that contains the elements y
such that xy is one of the first n progeny
of x.

Proof. We start by finding the regular conditional distribution of S,
given F,, for a given individual x € I in the population if it has origin
time 7. That is, we want to find a (Q!, %, )-Markov kernel on (5, o), let
us call it k, such that

Kx(w,Z) = ]PT<SX € Z|°JX)(a))

for P;-almost all @ € Q! and all Aecd [47, Definition 8.28]. Let us
initially examine the conditional probability with A = B X A for B € %
and A € o/,

P.(Sy € BXA|F) = P((1y, Upry) € BXA|Fy)

(2.3)
= 1(TX€B) IPT(UPI‘X €A | E);x)

where we can pull out the indicator on the 7, event as it is %, measurable.
Instead of working on the full conditional probability here we initially
just consider P, (Upyy € A | Fy).

As noted above working with the o-algebra Fy is not always easy, and the
current arguments are only possible as we can choose to work with #y
instead. Note that the o-algebra o (F; \ %) makes projection mappings
onto the life spaces of individuals neither being ancestors or progeny of
x measurable. Hence o (%, \ #,) will be independent of the g-algebra
0 (6(Upry), #x) and we can in this case freely choose to either condition on
O (F\Hy, #y) = FroronHy,ie. P (Uprx € A|Fy) = Pr(Uprx € A| %)
[34, Exercise 23.16].

We now propose that IP;_(A) is a version of this conditional probability,
i.e for all H € Gy, it should hold that

P (F, Uprx € A) =P [1r P, (A)]

Hence, let H € Gy, . If we consider A = X cprx Ay and

Av= X Ayx X Q

yexM, yExM,

where xM,, C Prx contains the first 1 of x’s progeny under <,! we see
that A,, | A as fewer and fewer dimensions of the set is identified with
the full space Q. By continuity from above we have that

]PT(H/ Up, € A) = ,}E}(}O]PT(H’ Upry € An)

H, U, € X Ay
yeXM,

= lim P,

n—oo

As H € 6%, , we can write H = U;ix[xyeAnxAS] where Ag € o for
each y € Anx, so we have

P.(H, Uy, € X Ay

YyEM,

= ]PT ugrl1 x

X Ay

yEAnx

Moy, | X Ay

yexM,

(uton [ S A X A,

yE€Anx yexM,

=%




We can then apply Proposition 2.3.1 noting that An x W xM,, contains all
its ancestors. If we denote the largest element of xM,, by z we have,

JAY JA ‘[ J Az yexM,UAnx

nlx

.
_ J J [T dAqmn(@n)] [T dig@smn(@y)
ADL p Az yexM, yeAnx

J J » dArW(mA“W)(a’xy)
z y n

X Ay

yeM,

* = dAT (wAny)(a)y)

AO

mx

yEAnx

u_

P,
0

mx

l_[ dATy(wAny)(Cl)y) =%
YEANnXx

AO e M (UA11x)

where the last equality holds as we can consider 7, as know under

the Anx integrals, and then 7,, can be seen as a function of 7, and

{w; 1 x =z <y} forall y € M,. Now the remaining integrals in

the last expression can be seen as an integral with respect to IP; over
171 :

XyEAnx Ag X XyeAnx Q= uAnx[XyeAr\x Ag]/ Le.

) :J Promnn) | Upg, | X Axy | | dP(@)
uX;x[XyeAnx A(y)] yEMH
=P ]-UA:\xlxyGAnxABJ ]PTX uMw € >< Axy
yeM,
=P [IUA [ Xyeanr A7) Pfx(An)]

As argued, by continuity from above we then have
P.(H, Uprx € A) = V,IEISO]PT[IF P, (An)]
=P.[1y P, (A)]

where the limit can be moved inside P, using either monotone or
dominated convergence, and P, (A,;) — P (A), P;-almost surely by
continuity from above.

Now the image measure Up,(PY) where PH(-) := P,(HN ") is the
restricted measure,'? is uniquely determined by its values on a N-stable
generator containing Q*, which certainly the following class is,

{ X Ay:Ay€ 94}.
y€EPrx

Hence, for all A € si! we have

Po(H, Upry € A) = Upr(PY) = P15 Py, (A)]

or in other words, P (A) is a version of P, (Up,y € A | %), but then it is
also a version of P;(Uprx € A|Fy). Using this back in Equation 2.3 we
get,

P.(Sx € BXA|Fx) = 1(g,ep)Pr,(A) =P (B X A)
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[T dAg@am(@y)

12: PH is no longer a probability mea-
sure unless P;(H) = 1, so neither is
uI’rx(]PI-;I)~



26

2 Foundations of stochastic branching populations

Here, the discussion in Remark 2.3.1 is of special importance, as P, (.,
for fixed w € Q! is used as a measure on (QI ol ) in the second to last

expression, while used as a measure on (ﬁ, o) in the last.

Now another analogous uniqueness of measure argument finally shows
that

]PT(SX c Z|9«‘x) =P, (A) Peas
We can thus choose the regular conditional distribution kernel as
Kx(a), Z) = ]PTX(w) (Z)

for almost all @ € d!. This shows that P;, is a regular conditional
distribution of Sy given %,.

We will initially argue for the branching property only for finite lines,
solet V = {x1,...,x,}. Now, notice that Fy C F,, as V < x1 which is
the case as x1 € V, we can then use the tower property of conditional
expectations to see that

n n
]PT I—[ (Px,-(sx,') gV = ]PT ]PT I—[ (Px,-(sx,') 9:361 gV
i=1 i=1
n
= IPT I_I (Px,-(sxi) IPT[(le (le) | ijl] g;V =%
i=2

as Sy is Fy,-measurable for all x € V' \ {x1}. Now as we have shown
the conditional distribution of Sy, given Fy, is Pr, , we can find the
conditional expectation P [y, (Sx,) | Fy, ] almost surely by integrating
@y, with respect to this conditional distribution, i.e.

n

l_[ P; (SX,') ]PTxl [goxl]

i=2

* =P, Fy

= ]PT.ﬁ [(le ]]P'( gV

]—[ ®x;(Sx;)
=2

where we have used that ]PTX1 [¢x,] is 0(1y,) € Fy measurable, and
can thus be pulled out of the conditional expectation. Repeating this
argument 7 times, each time using the tower property with %,, for the
next i, gives us the branching property for finite lines,

]PT GJ‘V

n n
l_[ (Pxi(sxi) = I—[ ]PTxl- [(Pxi]-
i=1 i=1

Now if V is not finite, we can always choose (in some structured way)
a subset V;, = {x1,...,x,} C V consisting of n € N elements, and
this will still be a line. Now notice that as V,, C V41 so as discussed
Fv, | Fv = N2, Fv, as n — oo. If we now consider the finite product
@™ =TI, @x,(Sy;) for some m € N, we see that the sequence of
conditional expectations of ¢ with respect to the decreasing o-algebras,

Pe[@™ |Fv, D en



forms a backwards martingale. So by the backwards martingale conver-
gence theorem [47, Theorem 12.14], we know [P;-a.s. that

Po[p" |Fy] = im Po[p" |Fy,] = Pc[@" | Fv,] = [ [P, [px]
i=1

The second last equality needs an elaboration. Take an n > m, we thus
have Fy, C %y, and thus by the tower property and the branching
property for finite lines,

P:[o™ [Fv,] = P[P:[9" | Fv, ]| Fv,] (2.4)
=Pe|[ [Pe,, [9x]|Fv, (2.5)

i=1
= I—[ Pr,, [¢x] (2.6)

i=1

using in the last equation that 7y, is #y, -measurable as we have chosenn >
m. Hence for large enough n we have that P.[¢™ | Fv, | = P[¢" | Fv, ]
which then in particular must hold in the limit n — oo.

With the sequence of conditional expectations (P;[¢@™ | Fv ])men at hand,
all conditioned on the same o-algebra, we note that ¢, < 1forallx € V
so in particular, we have that ¢™ < 1. Using the dominated convergence
theorem for conditional expectations (in the equality with an *) [47,
Theorem 8.14 (viii)], we finally get the branching property for an infinite
line,

l—l Pr, [¢x] = n}E»noo l_[ P [@x]
i=1

xeV

m

I—[ (Px,-(sx,')
i=1
I—[ (Px,-(sxg)
i=1

1—[ Px(Sx)

xeV

lim P,

m—0o0

FV,,

Fv

= lim P;
m—0o0

*
=P, Fv

Conditional independence of {S; : x € V} follows by looking at a
collection of events {A, : x € V} C d! and choosing ¢, = 14, for each
xevV,

P, Fv

()(5x € Ay)

xeV

Fv | =P;

I—[ 14, (5x)

xeV

= [ [Pel14,]

xeV

= I—[]PTX(Ax)

xeV

= [ [Pe(Sx € Ax|Fv)

xeV

where the last equality follows from S, being conditionally distributed
as IP;, given Fy for each x. O
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[12]: Chauvin (1986), ‘Arbres et processus
de Bellman-Harris’

[13]: Chauvin (1991), ‘Product Martin-
gales and Stopping Lines for Branching
Brownian Motion

[37]: Jagers (1989), ‘General branching
processes as Markov fields’

[39]: Jagers et al. (1984), “The Growth and
Composition of Branching Populations’

[37]: Jagers (1989), ‘General branching
processes as Markov fields’

Intuitively, the branching property should be relatively self-evident as a
kind of Markovian structure on the genealogical tree, and it is certainly
also stated as such in several papers on Bellman-Harris processes and
generalizations hereof, see for example [12, 13, 37, 39]. On the other hand,
the proof is very lengthy and technical, so in practice, these are not found
commonly in the literature. Our statement is heavily inspired by the
one in [37], the proof is completely rewritten and much elaborated, but
essentially contains the same arguments.

2.4.3 A strong branching property

If the line on whose non-progeny we want to condition on is not known
beforehand but is itself a random set, the branching property above
is no help. Instead, we want to have an analog to the strong Markov
property. The strong Markov property allows us to condition on the past
of a random time that is assumed to be optional, in the sense that we at
any time can determine whether or not the random time has passed,
only using the information available at that time. Hence we need an
analog to optional stopping times but for lines, i.e. we introduce optional
lines. We will not put too much emphasis on such optional lines or the
strong branching property pertaining thereto as they are merely used
to simplify a few proofs, which could also have been done using the
simple branching property, in particular, we provide no proof of the
strong branching property. For a more thorough treatment see [37].

Consider a random line of individuals in a population started at time
teR ¥ (QLdl) - (2!,22"). We say that ¥ is an optional line if
(¥ <= V) € Fy, i.e. knowing the lives the non-progeny of V we will know
whether V' stems from % or not. In particular, can ¥ not depend on any
future state of the population.

Our primary example of an optional line is the set of realized individuals
in some generation n € Ny of a population started at time 7 € R. It has
been noted already that R, (w) is a line for all @ € Q. The optionality of
it is asserted by writing it as R, = {x € N" : 7, < oo} and realizing that
if we know the lives of the ancestors of R, then we know 7, for each
x € N" and hence (R, <L) € #; C 7.

To state the strong branching property we need to define the optional
line non-progeny o-algebra, which is done in complete analog to classical
optional time o-algebras. That is, for an optional line 7" we let

Fey = {Aesﬁl:Aﬂ(°V5V)69:VforalllinesVCI}

and can then state the strong branching property as,

Theorem 2.4.2 (The strong branching property) Let T € R. For an
optional stopping line V" and functions @, : (Q, ) — ([0, 1], Bjo 1)) for
all x € I, it holds that

P

I—[ Px(Sx)

X€V

Fr| = [ Pelpsl.

XEV




A reduced time-varying
Bellman-Harris process

Now that we have a solid foundation for working with branching popu-
lations, we are ready to define processes on the time-population space
from which we can study the dynamics of the branching population. In
this chapter, we will use the framework of branching processes counted
by a random characteristic to define the classical branching process and the
reduced branching process as continuous time processes in our population.
The classical branching process counts the number of individuals alive
at any given time whereas the reduced branching process only counts
the number of individuals who are alive at any given time who also has
progeny alive at some specified future time. Neither process actively
contains information about the genealogical structure of the population
over time, only the number of individuals fulfilling the condition to be
counted, but certain properties of the reduced process let us gain partial
information about the genealogy of individuals.

The classical branching process is certainly interesting in itself, but will
only serve as an intermediate step to gaining knowledge about the
reduced process, as this is the process of primary interest when draw-
ing inspiration from phylogenetics. Note in particular that the reduced
branching process is a model of the number of ancestors of currently
extant species through time, thus if we had an observation of this, our
model would in principle allow for estimation of the population’s life-
time and offspring distributions, relating to the interesting evolutionary
dynamics in phylogenetics.

Besides defining the processes of interest, this chapter’s primary aim
is to characterize the distribution of the reduced process, with a focus
on the binary population case, which simplifies the results a bit and
which, in phylogenetics, will often be the model of primary interest.
With a characterization of the distribution of the reduced process, we
obtain expressions for the mean of the process, for a few interesting
probabilities and we finally characterize the distribution of the time since
least common ancestor.

This chapter contains several definitions and results which to the best
knowledge of the author are novel, of most importance are

» The definition of a reduced time-varying Bellman-Harris process
using random characteristics

» The integral equation for the generating function of the reduced
time-varying Bellman-Harris process

» The characterization of the distribution of the time since least
common ancestor conditioned on non-extinction of the process

The section on random characteristics is primarily based on [36, 39].

3.1
3.2

3.3

3.4

3.5

Random characteristics . 30

Defining the reduced
process
Distribution of the re-

duced branching process 33

The reduced binary
branching process . ... 41
Death of the least com-

mon ancestor. . ... ... 47

[36]: Jagers (1975), Branching processes
with biological applications

[39]: Jagers et al. (1984), “The Growth and
Composition of Branching Populations’
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[28]: Harris (1963), The theory of branching
processes

1: Our definition of a random charac-
teristic is very limited in comparison to
their general definition. In particular, is it
possible to let them take values in much
more intricate spaces, see e.g. [36].

2: Remark that an individual "dies in-
stantaneously", that is, we do not con-
sider an individual to be alive when it
has age L.

3.1 Random characteristics

The classical definition of a branching process (as for example that in
[28]) is the process counting the number of individuals in a branching
population being alive, or being alive and under a given age, over time. A
natural extension is to count individuals in the population having some
more general characteristics, i.e. we could consider a random element
on (5, o) which in a certain sense scores each individual according to
some characteristic. Adding up these scores for each individual in the
population over time defines a stochastic process, which we will call the
branching process counted with random characteristic.

Consider a stochastic process x := {x(a)}ser on (Q, d) with values in
({0,1},2101}), such that x(a) = Oa.s. fora < 0. We will call such a process
a random characteristic! and let it represent a score of an individual of age a,
thus we associate each individual x in [ with its own random characteristic
Xx := x(Sy), called the individual random characteristic. Remark that the
random characteristic is defined on the full time-population space, not
on the life space, thus the characteristic might not only depend on the
life of an individual but also on its progeny. Here we have restricted the
score to be either 0 or 1, we will see that this corresponds to the score
simply being whether or not to count an individual when it is of age 4.

The branching process counted by x is then the stochastic process
Z* .= {ZX(H)}her on (Q, d) givenfor t e R, @ € Q,

ZX(t, @) = D x(t = T(@), 5:(@)) = D xa(t = T(@), @) (3)

xel xel

as t — Ty(®@) is certainly the age of an individual x € I at time ¢, if we
convene on non-realized individuals having age —oo for all {. Note in
particular that this formulation never counts non-realized individuals
or individuals that are not yet born as their characteristics are 0 by
assumption, we could hence equivalently write

ZMt, @) = Z x(t = 1x(@), Sx(@)) = Z Xx(t = 1x(@), @) (3.2)

XeR1 (@) xeR1 (@)
where it is no longer necessary to distinguish between %, and .
Example 3.1.1 The classical branching process, counting living indi-

viduals can be recovered by counting individuals whose age is less
than their lifetime, i.e. individuals who are alive,?

x(a) = 1jo,1)(a)

As this is such an important example we will simply denote the process
counted with this characteristic by Z := {Z(f)}ter := {Z 100 (t)}1er.
By construction this process counts the number of individuals in Z;
over time, i.e.

Z(t, @) = #(Z1(@))

Ignoring whether or not an individual has died, i.e. counting with the



characteristic

x(a) = 19,00)(a)

gives us the process counting the cumulative number of realized
individuals in the process. Note that this last characteristic does not
itself depend on @, i.e. it is non-random, but when we compose it with
the random age, it of course becomes a random variable.

3.1.1 Principle of first generation

A foundational lemma for most work on branching processes is the
fundamental equation which for Bellman-Harris processes is usually called
the principle of first generation. This equation, together with the branching
property, lays the way for the renewal-type governing equations, which
we will see characterizes the full distributions of the process.

The lemma, which is simply a regrouping of the terms in Equations 3.1
and 3.2, states that if we for each individual x € I define the process
Z% = ZX(Sy) as the progeny process of x, we can consider the original
process ZX as the contribution from the ancestor 0 and the contribution
from each first generation progeny process,®

Lemma 3.1.1 (The principle of first generation) Let Z* be a branching
process counted with the random characteristic x, then

ZX(t) = xolt — o) + > Z{(t)
xeN

= xo(t —10) + > Z¥(t)

XEZX

forallt € R.

Proof. Lett e R, @ € Q and consider Equation 3.1, the lemma follows as

ZMt, @) = Z Xx(t = (@), @)

xel

= ot - (@), @) + S xalt -~ T(@), @)

xeI\{0}

= xo(t — To(@), @) + Z Z Xxy(t - 7~-'xy(@)/ @)
xeN yel

= XO(t - %O(CD)/ CD) + Z Z;E(t, (D)
xeN

where we have used that any individual in I \ {0} is a progeny of some
first-generation individual and the definition of Z}. The proof of the
second part is completely analogous, just working with Equation 3.2
instead. O

With this self-similarity property at hand, it is, at least intuitively, evident
that we can formulate the distribution of the full process by some
combination of the distributions of the sub-processes. However, the
distribution of a sum of random variables is not a trivial object to work
with, especially not when the number of terms in the sum is also random,
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3: Rearranging Equations 3.1 and 3.2
according to the first generation is just
a simple, and for our purposes useful,
choice, but we could do just the same
with any other generation, or more gen-
erally as in [37] with any stopping line
M for which we either have x > M or
PrxNM # 0 for all x € I, i.e. a line
which covers the whole population.
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4: Not to be confused with Y1 which is
a superset of AnZr.

[71]: Sagitov (1986), ‘Reduced Critical
Bellman-Harris Branching Process with
Several Types of Particles’

[86]: Vatutin (1979), ‘Distance to the near-
est common ancestor in bellman-harris
branching processes’

5: There is nothing reduced about the
characteristic itself, but we name it as
such as it defines the reduced process.

but this can be remedied by considering the generating function of the
distribution, and hence for the process. We will describe in detail such
a formulation for the reduced branching process, but first, we need to
define the process rigorously.

3.2 Defining the reduced process

A particular choice of random characteristic, which defines the reduced
branching process, will form the backbone of the rest of this thesis.
Consider a branching population whose extant members are observed at
fixed time T after the origin-time of the population, these individuals
make up the set Zr. We might be interested in the genealogical and
temporal structure of the ancestors of these individuals, i.e. the random
Neveu tree AnZ7* and the branching process counting the number
of living individuals of that tree through time, or as we shall later
see, a coupling of these. This Neveu tree is closely related to a reduced
phylogenetic tree from which we draw much of our inspiration, and the
mean of the branching process will correspond to the lineages-through-time
function, but for now, let’s stay in the abstract population world only
taking inspiration from this application. Definitions, and further analyses,
of the reduced non-time-varying Bellman-Harris process have previously
been made [71, 86], but these have not used the unifying framework of
random characteristics, and has not considered any time-variability.

The random characteristic for the reduced branching process is more
complex than those considered in Example 3.1.1in that it is not determined
by the life of each individual by itself, but rather by the lives of all the
individual’s progeny. Recall that the classical branching process, counting
the number of individuals alive over time, is denoted by Z := {Z(#) }+eRr.
Then the reduced characteristic® at time T can be defined generally as

X7, ®) = 101(0))(@) LzT)>0)(@)

fora € Rand @ € Q. Thus for each x in [ , the individual characteristic
is

X2, @) = x"(a,S:(®)) = 1jo1.(0))(@) Lzu1)>0)(@)

An individual is then counted at time ¢t if it is alive at time t and it has
extant progeny at the observation, this will surely eradicate any individuals
whose lineage has gone extinct before the population is observed.

The reduced branching process, which we will denote ZT := {ZT(t)};cR, is
now simply defined as the branching process counted by x7,

Z'(t )= > it -1(@), @) = D> xi(t— 1), ®).

xel XeR(@)

(3.3)

Remark 3.2.1 The reduced process is intrinsically connected with the
classical branching process, and if we know the classical branching,
we can always gain the reduced process. The other way around is
clearly not the case, but a central aim in studying the reduced process



3.3 Distribution of the reduced branching process | 33

is to gain some insight into the dynamics of the population and hence
the classical process. Note in particular that we define the reduced
process from the exact same background measures, so if we fit the
reduced process to some appropriate empirical observation, we can
study the classical process based on these estimated distributions, and
gain insight into the full population dynamics.

The reduced branching process satisfies, on top of being a branching
process, some almost defining features, which will be appropriate to
collect in a proposition.

Proposition 3.2.1 Let @ € Q
1. The function t — ZT(t, @) is weakly increasing for t € [1o(®), )

2. If ZT(s, @) = 0 for some s € [1o(@), ) then ZT(t, @) = 0 for all
t € [1o(@), ).

3. Zi(t, @) = Z(t, @) for all t € [1o(®), )

4 IfN(t,@) > Oforall t € R then Z'(t,®) = Z(t, ®) forall t € R
(this also holds for Pr-almost all @ with given T € R).

The proofs of these statements follows easily from Equation 3.3.
3.3 Distribution of the reduced branching
process

To find the distribution of the reduced branching process, we have to be
more explicit about the probability kernels (A¢):er and thus (IP;).cr, and

in particular the image measures under the lifetime and offspring process.

For fixed T € R, we consider A; such that L and N are independent, and
such that the distribution of L has nflJr-density6 g1, that we assume to be
continuous, and that the distribution of N(t) has cn,-density” v — g, (t)
forallt € R, thatis (L, N)(A;) = L(A;) ® N(A;) and

L(A{)(B) = A«(L€ B) = Jl grdm,, forall Be %,
B

N#®)(A){v}) = Ac(N(t) =v) = g,(t), forallv € Np.

Remark 3.3.1 To characterize the distribution of some of our variables
taking values in (Ng, 2N0), we will often turn to generating functions.
For completeness, we here include a definition of such a function and
a few important properties.

Let us in general consider a random variable X on some probability
space with probability measure P which takes values in (Ng, 2™0), the
(probability) generating function of X (P) (or simply of X) is the map
¥x: [0,1] — [0, 1] given by

Ux(s) := ]P[SX] = Z s*P(X = k)

kE]No

6: By m we denote the Lebesgue mea-
sure on (R, 98). With a subscript such as
here is it the Lebesgue measure on the
appropriately restricted real Borel space.

7: By ¢N, we denote the counting mea-
sure on (Ng,2No. Likewise cp; would
denote the counting measure on some
discrete measurable space (M, 2M)



34 | 3 Areduced time-varying Bellman-Harris process

[47]: Klenke (2020), Probability Theory

8: Note that even though notationally
the distribution N(¢)(Az) looks like it is
dependent on T it is not, as g, (f) is not
dependent on 7. Consequentially, C is
not indexed by 7.

9: B and 6 are not traditional names for
the birth and death rates, but the more
common A and y are used for other pur-
poses in this thesis.

where we convene on 0° = 1. Notice that ¢x is a power series that
converges at least on [0, 1] as the point probabilities of X (P) must sum
to one, thus 1x actually exists for all s € [0, 1]. Another way to realize
this is that sX < 1 for all s € [0,1] and is thus integrable.

Several results about generating functions stem from basic results
about power series. A few, which will be essential for our work, are
given here,

1. ¥x is continuous on [0, 1] and infinitely often differentiable on
[0,1)

2. The distribution X(IP) is completely characterized by ¢ x through
its power series coefficients

%#}X (0)

XP)({k}) = P(X = k) = 22

3. Px has a (possibly infinite) left-derivative at 1, being the expec-
tation of X,

glﬁx(l‘) = > kP(X = k) = P[X]
2 keN

Proofs of these statements and further properties of generating func-
tions can be found e.g. in [47, Theorem 3.2].

Now as N(t) takes values in INy for each t € R, its distribution is
completely determined by the point probabilities here, but we could also
characterize its distribution through its generating function at each time
t € R,solet C(-;t): [0,1] — [0, 1] be its generating function®, i.e.

Usit) = Ac[sV ] = 37 s"AN(t) = v)

veNy

fors € [0,1] and all t € R. We will keep these assumptions throughout
the remainder of the thesis, restricting them further when necessary in
special cases.

Example 3.3.1 (The Yule and birth-death processes) Two particularly
interesting examples of lifetime and offspring distributions are the
ones that simplify our process into the classical frameworks of the Yule
process and the birth-death process. Both cases are considered time-
homogeneous, but their time-varying counterparts are also special
cases of our processes.

For the Yule process with birth rate § > 0, we consider exponentially
distributed lifetimes, i.e. g:(¢) = fe ¢, and let all individuals have
exactly two offspring at the end of their lives, i.e. 42(t) = 1. Note that
in this case, no lineages will ever go extinct, so the reduced process
ZT reduces to the classical branching process Z, this is the result of
Proposition 3.2.1 statement 4.

For the birth-death model with birth rate § > 0 and death rate 6 > 0°,
we now let an individual either have zero or two offspring at the end of
their life, corresponding to a death or a birth, i.e. g2(t) =1 —qo(t) = ¢q
for some g € [0, 1]. The lifetime will still be exponentially distributed,
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but with rate parameter 6 as the life of an individual ends when it
either dies or gives birth, i.e. it is the minimum of two exponentially
distributed variables. In contrast to the Yule process, extinctions of
lineages can happen in the birth-death model, so the reduced process
is not identical to the classical process. The reduced process of a birth-
death model'? has previously been studied as a model for reconstructed
phylogenetic trees and for the number of lineages through time.

With these assumptions at hand, the principle of first generation and the
branching property, we will now obtain an expression for the generating

function of ZT, and thus, in particular, have its distribution characterized.

Hence let ¢ (-;¢): [0,1] — [0, 1] for each set of times 7 < t < T be the
generating function of the reduced branching process originating at time
7 and observed at time T, i.e.

Plst) = Pe[s7 0] = 3 5P (271 = 2)

z€Np
fort <t <Tands €|[0,1].

The main idea here is to split up the expectation based on whether or
not the ancestral individual has died at time ¢. If she has not died yet,
the process must either take value one or zero, depending on whether
or not it eventually goes extinct before observation, this reduces the
expectation into a combination of probabilities of survival until time ¢
and the population going extinct. The probability of extinction can be
found recursively using the principle of first generation and the branching
property as the probability of extinction of all the ancestor’s potential
progeny processes, which all originate at the time of death of the ancestor,
which happens sometime after t according to the distribution L(A). The
first two terms of the generating functions integral equation below are
given by this argument.

If the ancestor has died before time ¢, she is not counted by the reduced
characteristic, but we can consider each of her potential progeny processes,
all originating at her time of death, sometime between time 7 and time ¢,
according to the distribution L(A.), and count them and their progeny
just as the original process. Again this uses the principle of first generation
and the branching property. The last term of the integral equation for the
generating function is given by this argument.

Theorem 3.3.1 Let T € R. The generating function Y1 (s;t) := P, [SZT(t)]
satisfies

IPZ(S; t) =S (1 — GT(i’ — T)) L

(1-59) et C(Prye(Z(T) = 0); T+ £) go(£)dm(l) +

‘[[0 - C(‘PL((S; £); T+ €) g<(£) dm(e)

fors€[0,1]andt <t <T.

Proof. We start by splitting up the expectation based on the value of
whether the ancestral individual has died or not, i.e. we split up the

10: This is the same as e.g. [21, 59] calls
the reconstructed process.
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expectation based on the value of 79 + Ly, which under PP, is almost
surely equal to T + Lo,

Pl(sit) = Pe[s70)]
T T
=P, [SZ ® 1(T+L0>t)] + P, [SZ ® 1(T+Lg§t)]

=P, [SZT(t) 1(T+L0>t)] + P [SZT(t) 1(T+L0St)] (3~4)

=% =%%

We will treat each term here separately, starting with the former which
is working on the event that the ancestral individual has not yet died
by time t > 7. We start by using the definition of a branching process
counted with random characteristic and singling out the ancestor of the
sum

T vo(f— -7
p,[s2"® 1(T+L0>t)] - ]PT[SAOU O Baeo) T g

Working under (T + Ly > t) we have that T, > 7+ Ly > t a.s. for all
x € I\ {0} sot — 7, < 0and we have that y,(t —Ty) =0,

* =P, [SXO(H) 1(T+L0>t)]

_ 1 t—7) 1
_]pT[S [0.19)(t=7) Lz(r)>0) 1(T+L0>t)]

1
=P, [S (2(T)2>0) 1(T+Lg>t)] =%

where we in the last line have used that under (7 + Ly > t) we clearly
have 19 1,)(t —7) = 1 as.

This expectation can again be split up into two, now based on the event
(Z(T) > 0) and its complement (Z(T') = 0), under which the indicator in
the exponent is a.s. determined. The following long sequence of basic
algebra and working with indicator functions give us two nice and
workable terms,

* = Po[s 1000 1z0)50) Lzeresn | + Pels ™ 1z1)=0) Lesroot ]

=P, [S1 Lz(1)>0) 1(T+L0>t)] + Pz [SO 1(z(1)=0) 1(T+L0>t)]

slP; [1<Z<T)>o> 1(T+L0>f)] +Pe [ 1z(1)=0) LirsLo>1)]

(1 - 1z1)=0)) (7+Lg>t)] + IPT[l(Z(T):O) 1("[+L0>t)]

[1(T+L0>t | = sPe[ 1z(r)=0) Lerro>t)] + Pr[ Lzir)=0) Liwstosn]
Pr [ Lzsros]| + (1= $)Pr [ 1z()=0) Lesrost)]
S]PT(T-FLO >H+(1—-s)P (Z(T)=0,T1+ Lo >1t) =%

~— ——
=% =%,

note that these probabilities don’t depend on the reduced process any-
more. We start by looking at the first expectation,

*q ZPT(LQ >t—T)
= LO(]PT) ((t -7 OO))
= L(Ao) ((f — 1, ))
=1-G.(t-1)
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where G, is the distribution function of L(A;), i.e. 1 — G;(f — 1) is the
probability that an individual born at time 7 is still alive at time ¢.

More work is required for the second expectation. We start by using the
principle of first generation on {Z(f)}cr, which is the process counted
with the random characteristic x(a) = 1jo,1)(a),

# =P | 11 1)(T—1)+ > Zo(T) =0, T+ Lo > t)

XE

=P ((T-7=Lg)N ﬂ(zx(T):O)m(T+Lo>t))

XER

=P ((Loe (t-7,T-7)n mzxmzm) =%,

XER

Reformulating as expectations and using the law of total expectation,
conditioning on .F,, we get

% =P,

14—, 7—-1)(Lo) ﬂ 1<ZX(T>=0>l

XER

=P |Pr| L—o7—a)(Lo) [ | Lizr,s0)=0)

XEX

where we see that L is .#,-measurable, and can be pulled out of the
conditional expectation, leaving us with an expression on which we
can use the strong branching property' as @ — 1z (r,0)=0), is clearly
bounded and measurable,

j‘%l “ “

= Pr| Ly—r,r—e)(Lo) [ | Prsr,[Z(T) = 0]]
XER

%, =P, l(t—T,T—T](LO) P,

[T 1zas)-0

XER

=Pr| 1y—r, 7 (Lo) [ | Pr, [1(Z(T):0)]}
| XER

= Pr| L—g,7-1)(Lo) Pryr [Z(T) = O]#gf]]

= Pr| 1101 (Lo) Pesiy[Z(T) = 01| = 4,

in the last three lines we use that % is finite P;-a.s. as g« (t) = 0 for all
t >tand thatt, = 7+ Ly forall x € %;.

The integrand under IP; isnow clearly a (Lo, Np)-measurable non-negative
real variable, so we can use the abstract change-of-variable [47, Theorem
4.10] to see

%y = J 14—, 7—1)(Lo) Pry 1, [Z(T) = oMo+ gpp,
- J Lo e () Pest [ Z(T) = 01770 d (Lo, No)(P2)(€, 1) = %2

s0 let us now examine the image measure (Lo, No)(IP;).

11: Here we utilize the strong branching
property, but this is only as a shortcut.
One could instead argue by conditioning
on the whole first generation IN and then
arguing that we only need to consider the
finite number of children of the ancestor.

[47]: Klenke (2020), Probability Theory
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We start by noticing that (Lo, No) = (L, N) o Uy where L and N are the
random elements defined directly on the life space. This allows us to
express the image measure (Lo, No)(IP;) through the life law A.. Let
B € B, ® 0(N), we then have

(Lo, No)(P:) = P (L, N) o Uo) ™ (B))
=P (U (L N)'(B)))

- f dA(w)
(L,N)"1(B)

= A ((L,N)7'(B))
= (L, N)(A:)(B)

where we have used Proposition 2.3.1, having in mind that 0 has no
ancestors, and have thus showed that (Lo, No)(IP;) = (L, N)(A;). As we
assume that L and N are independent, their joint image measure is a
product measure (L, N)(A7) = L(A;) ® N(A¢). These facts and Tonelli’s
theorem then let us express the integral as,

422 [ Lpmerog (O Pear Z(T) = 070 d (LA ® N(AD) (6, 7)
- [ j Lo 7o) (O) Pt Z(T) = 0] AN (A7) () dL(A(0)

n

_ j Pet[Z(T) = 07D AN(A)() Lo 7—ey(€) AL(A(E) = %5

We have assumed that L(A;) = g - m4, so the outer integral can easily be
transformed into an integral with respect to the Lebesgue measure. For the
inner integral, we have not specified a density of N (A.) directly, but if we
consider the exponent inside the integral n)(7+¢) as a function of 1) for fixed
¢, that is we consider the evaluation map O74¢: (N, 0(N)) — (N, 2M)
such that 0:.¢(1) = n(t + {) we can again use the abstract change-of-
variable and that we know the distribution of 6,,¢(IN) = N(t + {) to be
Ort (N(Ar)) = ge(T +{) - cN,, Where cp, is the counting measure on INp.
Using these assumptions, we get,

t2 = | [ PeaelZ(T) = 0 d00ae V(A ) T—e 71 (0) d(ge - m)(0)
[ [ PraelZ(T) = 01 d(gec + 0) - mp)¥) Tgmereg(O) d(ge - m)(O)

~

= Pr[Z(T) = 01" gy (7 + £) deng (V) L, 7] () &2 (€) dmo(¢)

: ST Pestl Z(T) = 01yt + ) ge(O) dm(€) = %,
J(t-1,T-1] veN,

where we have used the laws for integrating wrt. a measure with density
and that an integral wrt. a counting measure is just a sum.

We then realize that the inner sum defines the probability generating func-
tion of N(7 + £), C(s; t) := A¢[sN®)] evaluated at s = P, (Z(T) = 0) < 1
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and t = T + {, so we finally have,
=] LR =05+ ) g dnao
(t—7,T-1]
giving us the final expression of *,

*=1P; [SZT(t) 1(T+Lu>t)]

=5(1-Ge(t —1)+(1-5) C(Prse(Z(T) = 0); T+ £) go(€) dmi(£).

(t—7,T-1]

For the second expectation of Equation 3.4 which is working on the event
that the ancestral individual has died at time t > 7 we do a completely
analogous proof to that of %, the main steps are highlighted below, but
the details are skipped. The principle of first generation and the fact that
we work on the event (7 + Ly < t) give us

T

B T
P, AG) 1(T+L0St)] =P, [SXO(L‘ T+Z e Zx (F) 1(T+L0St)]

T
l—l SZx(f) 1(T+L0St)“ = k%

XER

=P,

where xo(t—1) = 1[0,L0)(t -1) 1z(m)>0) = 0+ 1(z(1)>0) = O under (t+Lg <
).

By the law of total expectation, conditioning on .%%,, and that Ly is F,
measurable, we again get an expression on which we can use the strong
branching property, now with ¢, = (@ — sZ'(t@)) which is clearly
positive, bounded by 1 and measurable as s < 1. From this, we obtain
that

% =P, | P,

I—[ gZT(t,5x)

XER

=P, []PT+L0 [SZT(t)]

yﬁl“ 1(T+L0St)“

N[}(T-I-L[))
i<ty | = *%

with the same argument as before to justify the product being over a
finite number of identical terms giving us the last line. Identifying the
integrand under P; here as a (Lo, Np) measurable non-negative variable
we can again use our result about the image measure (Lo, No)(IP;) =
(L, N)(Ar) = L(Ar) ® N(Ar) together with Tonelli’s theorem to see that

r r ZT(t)*r](TH’)
*% = Pryels dN(AT)(TI) Yizre<t) dL(A)(¢)

t [ '97+[(T])
= | | Prye|s?'® AN (A0)N) Lzsr<ry AL(AL)(E)

r( » 1V
= [ | Peae[s7 O] dBrse(N(A)) V) Lrsp<n AL(A)(E) = 4%

J J

where we have also reformulated the exponent as the evaluation map
Or+0(n) = n(1+¢) and used the abstract change-of-variables [47, Theorem
4.10].

The density assumptions Or4¢(N(Ar)) = ge(7+£)-cN, and L(A¢) = g7 m4

[47]: Klenke (2020), Probability Theory
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give us an expression in which we recognize the probability generating
function of N(7 + ¢), ((s; 1) := A[sN®] evaluated at s = P4y [SZT(t)] =
Yre(s;t) < land t = 7 + £, so we finally have,

% =IPT[SZT“)1u+ng>]

= > Peat|s7 0 gtz + 0 go0) dmy (0

[0,t-1] velNy

- J CWere(s:0 T+ 0) o0 dm(0)
[0,t—7]

Collecting the resulting expressions for * and *#* we obtain the wished
for integral equation for ¢,

Pl(s;t) = s (1= Ge(t — 1))

+(1-5s) C(Prie(Z(T) = 0); T+ £) go(€) dmi ()

(t—7,T-1]

; J CWeae(s: 8T+ ) o) dma(0)
[0,t—1]

Using that P.((Z(T) =0) = ¢Z+€(O; T), we also gain the alternative

expression. O

Remark 3.3.2 One might speculate as to whether a solution to the
integral equation exists and if it is unique, as is done in [8] for traditional
Bellman-Harris processes, and for similar integral equations, but for
different functions in [41]. But as we have defined the generating
function I (-, #) for all T < t < T directly as the expectation of a
bounded random variable it must exist, and we have in the theorem
above simply shoved that this function satisfies the integral equation.
However, whether this is the only solution to the integral equation is
not certain. We conjecture that a proof similar to that of [8, Chapter IV,

Theorem 1] would show uniqueness in the set of bounded functions.

As noted, the reduced and the classical branching processes are tightly
linked, and from this generating function for the reduced process we
can obtain the simpler generating function for the classical time-varying
Bellman-Harris process,

Example 3.3.2 Using the property that Z!(t) = Z(t) for all t € R we
can obtain the generating function of the non-reduced time-varying
Bellman-Harris process, which we denote ¢-(-;¢): [0,1] — [0,1]
following the notational difference between ZT and Z,

P(s;t) = Ph(s;t)
=s(1—GT(t—T))+J

[0,t—1

| CWT, (s;); T+ 0) go(£) dm(f)

which is exactly the generating function for the time-varying Bellman-
Harris process of [46, 61], when taking into account our slightly different
framework.
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By the properties of generating functions in Remark 3.3.1 we can com-
pletely characterize the distribution Z”(IP;) for each 7 € R with our
equation for the generating function. But evidently, it is not a simple
closed-form characterization, so if we wish to compute the distribution
in practice we either need extra strict distributional assumptions, for
example, to reduce our process to a birth-death process, or computational
tools to solve the integral equation numerically. One simple distribu-
tional assumption, which seems reasonable in many applications, is to
only work on a binary population, i.e. each individual either has two
children or none. This does not result in a closed-form solution of the
integral equation but simplifies it, making computational approaches
more feasible.

3.4 The reduced binary branching process

As noted in Section 2.2, all constructions we have done with the full
Ulam-Harris space are very simple, however tedious, to redo with I
being the binary Ulam-Harris space, several proofs even become much
simpler as each generation is by definition finite. If we define a branching
process on the binary time-population space, in which individuals with
probability one produce either none or two offspring, we will call it a
binary branching process.”> However, there are no substantive differences
between working with a binary branching population and a full branching
population on which the offspring process is almost surely either 0 or
2 other than technical details,’* so we will not distinguish the binary
branching process from the branching process on the full space with this
assumption.*

From this point on, we only consider binary branching processes, re-
gardless of whether they are defined from the full Ulam-Harris space or
the binary Ulam-Harris space. For notational convenience, we will not
distinguish between the binary process and the "full" process, so we will
simply be working on the full Ulam-Harris space, but always assuming
that qo(f) + g2(t) = 1 for all t € R. We will also often just talk about the
reduced process instead of the reduced binary process.

Restricting the offspring process to almost surely only take values in {0, 2}
corresponds to assuming qo(t) = 1 —g»(¢) for all t € R and consequently

also having a generating function ((s; t) := Py (sN ®) ) given by

C(s;t) = s"qo(t) + s2qa(t)
= qo(t) + sqa(t)
=1+ (s2 —1)g2(t)

(3.5)
(3.6)

for s € [0,1] and t € R. This makes it clear that we in principle only
need to specify the time-varying probability of having two children, and
some equations will reduce a bit by using this fact, with the expense that
they have a less clear interpretation than if we were to write them out
with both gg and g, hence we will generally show both versions of the
equations.

12: Note that it is not allowed for an
individual to produce only one offspring.

13: In particular can we see that the set of
realized individuals from the binary pro-
cess defined from the full Ulam-Harris
space must be a subset of the binary
Ulam-Harris space treated as a Neveu
tree in the full Ulam-Harris space. As all
our processes are defined through the set
of realized individuals, we see that both
constructions are essentially equivalent.

14: Introducing the binary branching
process through the binary branching
population might seem redundant, how-
ever when we restrict our attention to
binary branching population in Chap-
ter 4 this will be helpful.
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With a simple expression for the generating function of the offspring
process, the generating function of the reduced binary branching process
simplifies a bit from the very general form of Theorem 3.3.1,

Corollary 3.4.1 Let T € R. The generating function for the reduced binary
branching process started in time T, YL (s;t) := P, [SZT(t)] satisfies
Prlsit) =5 (1= Gelt = 7))

+(1-5) (q0(t + €) + g2(T + P4 (Z(T) = 0)°) g<(£) dm(f)

(t—7,T-7]

(e 0 gt + Ogrerlsit?) o0 mt)
[0,t—7]
or using that qo(t) = 1 — qa(f),

1/1{(5; t)=s+(1-5)G(T - 1)

+(1-s) et (Pese(Z(T) = 0)* = 1) ga(7 + £) g<(€) dm(£)
t—t,T—-7

" f (West(5; 2 — 1) oz + €) go(€) dm(®)
[0,t—7]

forse[0,1]andt <t <T.

Proof. The first form follows directly from plugging Equation 3.5 into
Theorem 3.3.1. For the second form, we do the same but with Equation 3.6,

Pr(sit) =5 (1= Gelt = 7))
+(1-5) L_T,T_T] (14 (Pese(Z(T) = 07 = 1) g + 0) gel0) dm(®)

+ J[O,t_ﬂ (1 + (IPL@(S; £~ 1) qa(T + f)) g<(£) dm(t)
=5(1-G(t —1))

’ (1 - S) \Lt—T,T—T] & dm

+(1- s)J (Pese(Z(T) = 07 = 1) galz + Ogc(0) dm(0)
(t-7,T-1]
od

’ LO,t—T] gr it

] (yhastP - 1) gate + Oge( dme)

[0,t—7]
Using G(0) = 0 for all 7, that f(u’b] grdm = G¢(b) — G(a) forany a < b,

and that we can arbitrarily choose to integrate over open, closed, or
half-open intervals when doing so with respect to m, as the singletons
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have Lebesgue measure 0, we get

Pl(s;t) = s (1= Ge(t — 1))
+(1=8)(Go(T = 1) = Ge(t — 7))

+(1-5) (Prss(Z(T) = 02 = 1) ga(x + O)ge(0) dm(0)
(t—7,T-1]

+ G(t — 1)

+ J (67 (5387 = 1) g2tz + Oge(0) dm(e)
[0,t—7]

If we now consider all the distribution functions in isolation, we realize
that many of them will cancel each other,

— SGA=T) + Go(T = 1) - Golt=T]
— $Go(T = 1) + SGobb=T) + Golb=T]

=(1-5)G(T - 1)

So we are left with the generating function for the reduced binary
branching process,

z(s;t) =5+ (1-5)G(T-1)

+(1-5s) ot (Prse(Z(T) = 0)* = 1) ga(t + €) g (€) dm(e)
t—t,T—71

+J ($eaes: £ — 1) g2t + ) go(O) dm(0)
[0,t—1]

and using that P,(Z(T) =0) = ZH,(O; T), we gain the alternative

expression. O

From this equation for the generating function of the reduced binary
process, we can obtain similar equations for several interesting quan-
tities of the process using the properties of generating functions from
Remark 3.3.1.1° Some of these quantities are interesting in their own right,
and some of them are merely going to be helpful in the sequel. The proofs
are straightforward calculations and are thus left out.

3.4.1 Probability of extinction

In the study of stochastic processes, especially Markov chains, we are
often interested in absorbing states. That is, a state (i.e. a value) of the
process in which the process will be indefinitely with probability one
once it enters. For the classical branching process, 0 is an absorbing state,
since once no individuals are alive, no new individuals can be born, i.e.
if there is at € R such that P;(Z(¢) = 0) = 1 then P.(Z(s) =0) = 1 for
all s > t. This probability of extinction is thus an interesting quantity in
itself, but we also see that it appears in the generating equations for the
reduced processes, and likewise, it will be present in the other quantities
that we will study.

For the reduced process, 0 is also an absorbing state, however, it has
an even more special role here as if the non-reduced process has gone
extinct at any time before observation, then the reduced process will be

15: No real extra difficulty comes in com-
puting these quantities for the general,
non-binary, branching process, however,
we will not need those quantities, and
their expressions are much less elegant
as we don’t know the s-derivative of C in
general.
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[41]: Jones (2011), ‘Calculations for multi-
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identically zero at any time as argued in Proposition 3.2.1. Thus we must
have that (ZT(t) = 0) = (ZT(T) = 0) for all t > 7(, which we can find the
probability of under IP; by evaluating the generating functionins = 0
andt =T,

Corollary 3.4.2 For T € R, let ZT be the reduced binary branching process.
The extinction probability of the process P (Z™ (t) = 0) satisfies the integral
equation

P, (ZT(t) - o) = P.(Z(T) = 0) = T (0; T)

=GT(T—T)+J

(Peee(Z(D) = 07 = 1) g2l + 0) go(6) dm(0)
[0,T-1]

= [ (e 0+ Pean(2() = 0 gate + ) el amt
[0,T-1]

fort <t <T.

The last form of the integral equation has a clear interpretation. Consider
the process at some time t € [, T]. If the ancestor leaves no extant
progeny by time T, she must, in particular, have died at some age
¢ € [0, T — 7], at which she either produced no offspring (with probability
go(7 +¢)) and hence has no extant progeny, or she produced two offspring
(92(7 +¢)) and both of these produce no extant progeny (P,.(Z(T) = 0)%).
Integrating over the ancestor’s age at death, with respect to the lifetime
distribution (with m-density g.), gives us the integral equation.

Example 3.4.1 (The Yule process (continued)) Now as we have stated
several times, the Yule process cannot go extinct. Hence it should
be quite evident that P (ZT(t) = 0) = P,(Z(t) = 0) = 0 satisfies the
equation in Corollary 3.4.2 as we also have qo(t) = 0 forall t > 7.

For the non-reduced birth-death process, the probability of extinction
before time T of a population initiated at time 0 is found in [41], where
it is denoted by X(T'). If we take into account the slight differences
in our framework, in particular, that we have arbitrary origin and
observation times, the equations of Corollary 3.4.2 and [41, Eq. (5)] are
equivalent. Hence we must by [41, Theorem 3] have that

(1-gq)(1 - e(-20po(T-1))
- q — (1 — q)e(l_2q)ﬂé(T_T)

]PT(ZT(t) = o)

is a solution to Corollary 3.4.2.

3.4.2 Probability of unity

The probability P, (ZT(t) = 1) might seem like an arbitrary quantity to
work with at first, but if we consider it a function of t > 7 it gives us
some insight into the jump times of the reduced process, given that it
has not gone extinct before observation, namely the probability that the
first jump has yet to happen at time ¢ for a population born at time 7. The
distribution of jump times is, just like the study of absorbing states, a
central part of the theory of stochastic processes, and for us in particular,
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jump times give us death times of least common ancestors of (subsets of)
the extant population. The probability is found by taking the s-derivative
of the generating function and evaluating in s = 0,

Corollary 3.4.3 Let T € R. The probability that the reduced binary branching
process takes the value one at time t satisfies the integral equation

P, (ZT(t) = 1) =1- Gyt —1)
- Lt . (’70(7 +0) + a7 + £) Py (Z(T) = 0)2) 2(¢) dm(®)
’ 2j 72T + O P (Z(T) = 0P Z7(1) = 1) go(0) dm(0).
[0,t—1]

fort <t<T.

Again we can give an interpretation of the equation. Let us look at the
process for some ¢ € [1,t]. First, if the ancestor is not yet dead (with
probability 1 — G;(t — 1), the process will only equal one if she produces
some extant progeny at observation, thus from the probability of survival
of the ancestor we subtract the probability of her not producing any
extant progeny, i.e. if she dies at age ¢ € (t — 7, T — 7] she either have
to produce no offspring at her death (go(7 + ¢)) or she can produce
two offspring (42(7 + ¢)), but neither of them leaves any extant progeny
(P..¢(Z(T) = 0)%). Integrating over her possible age at death, with respect
to the lifetime distribution (with m-density g.), accounts for the first two
terms. If the ancestor, on the other hand, has died, i.e. she died at some
age { € [0,t — 7], she would not contribute to the process anymore, and
then the process can only equal one if she actually produced two offspring
(g2(t +¢)), but one of them produces no extant progeny (P..+¢(Z(T) = 0)),
while the progeny reduced process started by the other equals one at
time t (Pr+¢(ZT(t) = 1)), which child takes which path is immaterial,
hence the factor of 2. Integrating over the ancestor’s age at death, with
respect to the lifetime distribution (with m-density g-), accounts for the
last term.

Example 3.4.2 (Yule and birth-death processes) Again for the Yule pro-
cess, extinctions cannot happen, i.e. P (ZT(t) = 0) = P.(Z(T) = 0) = 0,
so the integral equation of Corollary 3.4.3 simplifies to

Pe(Z7()=1) = 1= Gelt ~ 1) = ¢

i.e. the survival function of an exponential distribution. This is also
what we would expect, as the process can only ever be one if the
ancestor has not died, otherwise it must take higher values.

For the birth-death processes, we initially remark that this is not the
same equation as in [41, Eq. (2)] as this equation treats the probability
of unity in a non-reduced branching process. We conjecture that a
version of the proof of [41, Theorem 3] would yield an explicit solution
to the integral equation of Corollary 3.4.3, but have not succeeded in
finding it.

[41]: Jones (2011), “Calculations for multi-
type age-dependent binary branching
processes’
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3.4.3 Mean of the reduced process

To have a rough sketch of the dynamics of the reduced process we
might be interested in characterizing the mean function over time of
the reduced process. Moreover, for the reconstructed birth-death model,
this is exactly the function known in phylogenetics as the deterministic
lineages-through-time function[59, 75], which we might want to fit to an
observed lineages-through-time function to estimate the underlying
distributions of our model. Fortunately, the mean can be found from the
generating function as the first s-derivative evaluated in s = 1.

Corollary 3.4.4 Let T € R. The reduced binary branching process has mean
function t v P |ZT(t)| satisfying the integral equation

P [Z"(H)] =1-G:(t—7)

) J(t T—1] (70(T +€) + 42(T + O)Pese(Z(T) = 0)%) g<(€) dm(¢)
+2 J q2(T + €)Pryg [ZT(t)] g (0) dm(f)
[0,t—7]

fort <t <T.

Again we lead with an interpretation of the integral equation. The
expectation of the process at any given time ¢ € [, T] consists again of
a contribution from the situation where the ancestor is still alive and a
contribution from when she have died. The first two terms are exactly
the expected value of the process if the ancestor were still alive, which
happens with probability 1 — G;(t — ), from which we subtract the
probability of the ancestor producing no extant progeny at observation,
as argued earlier can be written as in the second term here. The last term
is the expected value in the situation where the ancestor has died, only if
she produces two offspring will it add to the expectation, and it will do so
corresponding to the expectation of each of the two offspring produced
at her time of death.

Example 3.4.3 (Mean of a Yule process) Let us choose g»(f) = 1 for
allt € R, g:(¢) = ﬁe’ﬁf and thus G,(f) = 1 —e P for € R,. In
Example 3.3.1 this was associated with the Yule process. We will show
that the mean of the reduced branching process coincides with the
mean of the traditional Yule process, by seeing that it satisfies the
integral equation in Corollary 3.4.4. One can find expressions for the
mean of a Yule process started in time 0 in most textbooks on stochastic
processes [44] and of course in Yule’s original paper [91]. A slight
modification for the process started in time 7 give us the mean function

M (t) = ePt-D),

As noted, when choosing () = 1 and thus go(t) = O forall t € R, the
process will almost surely never go extinct, i.e. P-(Z(T) = 0) = 0 for
all T € R, this removes the second term of the integral equation for
the mean. Plugging the distributional assumptions and P, [Z T(t)] =
Meso(t) = ePE=(0) into the right hand side of the integral equation
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give us

1-G.(t-7)+ 2J | G2(T + OP ¢ [Z7(t)] g(€) dm(£)

0,t—t

g 2J eBU=(e+0) 8ot Gy ()

[0,t—7]

e PE-T) 4 (=D f 2B~ dm(¢)

[0,t—7]
e—BE=T) | pB(t=1) (1 _ e—Zﬁ(t—T))

= P = M (t) = P [ZT(#)]

where we have recognized the final integral as the distribution function
of an exponential distribution with rate parameter 2.

3.5 Death of the least common ancestor

The time of death of the least common ancestor of the extant individuals
will play a special role in the construction and analysis of the reduced
branching trees of the extant individuals. A heuristic sneak peek at the
main constructions in Chapter 4 will show why. The reduced branching
process counts individuals who have extant progeny at observation, or in
other words, it counts the number of ancestors of the extant individuals
who are alive at a given time before observation. In the same way, when
we want to study the trees formed by such a branching process, we
only want to consider the ancestors” branches and their branch lengths
as given by the ancestors’ lifetimes. Such a tree is called the reduced or
reconstructed branching tree.

Consider now the root branch of the reduced tree, i.e. the branch rep-
resenting the most recent common ancestor of the extant individuals.
The length of this branch should hence be determined by the origin-time
of the population and the death time of the least common ancestor,
that is, the first time at which two individuals are born who both have
extant progeny. Considering the subtrees generated by each of these
individuals, we can of course do the same recursively down each line
of descent. Hence, if we can characterize the death time of the least
common ancestor, we can recursively characterize the branch lengths of
the reduced branching trees. Furthermore, the time of death of the least
common ancestor also reveals the time since the least common ancestor
in the process, i.e. the death time subtracted from the observation time, a
variable that in itself is interesting and has been studied immensely.

Defining the death time of the least common ancestor has one obstruction,
what if the population has gone extinct before observation? In this case,
the set of extant individuals is the empty set, whose least common
ancestor is not defined, and no clear extension of the definition seems
to fit.!® In other words, Ica(Zr) is only defined on the event (Z(T) > 0),
and we can thus only define the death time of the least common ancestor
Otca(%y) ON the same event. When working with this variable, we will thus
always condition on the event of non-extinction by observation, so we can
consider it a variable on (ﬁ, E), but ignore the non-defined part of the

16: One might suggest that we define
lca® := @ but then we would just run
into trouble when defining the death
time of the empty set.
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variable. All of this is certainly only sensible when IP.(Z(T) > 0) # 0, but
populations for which this does not hold are not of primary interest.

Consider the reduced branching process of a population originating
at time 7 € R which we condition on non-extinction by observation
time T. From the discussion above, the reduced branching process is
counting the number of ancestors of the extant individuals alive at a
given time, so the death time of the least common ancestor must be
the time the process jumps from 1 to 2. Thus, using that the reduced
process is weakly increasing (Proposition 3.2.1) and starts in 1 when
conditioning on non-extinction by observation, we treat the probability
that the reduced process equals one as a function of ¢, and get a partial
characterization of the survival function of o1, %;, seeing that

Pe(0tacrn) > £ Z(T) > 0) = P (2(1) = 1| 2(T) > 0)

for t € [t,T]. For t < 7, Pr(01az,) >t | Z(T) > 0) = 0 as the least
common ancestor cannot die before the population originated, but for
t > T the reduced process is not defined and thus cannot give us
any characterization of the survival function. However, for the variable
0T = Oiq(zy) A T, which is again only defined on the event (Z(T) > 0),
the reduced process can give us a full characterization of the distribution
through its survival, and thus distribution function.

Lemma 3.5.1 Let T € R and assume that P(Z(T) > 0) # 0. The distribu-
tion o (]P(TZ(T)>O)) on (R, B) have distribution function

FT(t)=1- 1(_W,T)(t)JPT(zT(t) =1|2(T) > o)
P, (ZT(t) = 1)

=1-leonOp 7 50)

forall t € R. FI is absolutely continuous on [t, T) and jumps to one at
t=T.

Proof. For t < T we have from the discussion above

FI(t) = ]PT(GT <t|Z(T) > 0)

= P (0a@y) < | Z(T) > 0)
=1~ (Oazy) > t|Z(T) > 0)

—1- IPT(ZT(t) =1|2(T) > 0)

]P(TZ(T)>O) ) is an absolutely continuous distribution

Note that as o1¢q(zy) (
with respect to m, it must have an m-density by the Radon-Nikodym
theorem [47, Corollary 7.34] and in particular, must its distribution
function be absolutely continuous. As this distribution function coincides
with FI on [7, T) the same is true on this interval.
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Fort > T we see that
0 =IPT(0T <t|z(T) > 0)
=IPT(GT/\T§t/\T|Z(T) >0)
=IPT(0T <T|2(T) >o) -1

so the distribution has a point mass at T, and thus a jump in the
distribution function of size

]PT(GT =T|2(T) > o) - ]PT<ZT(T) =1|2(T) > 0)
— P.(Z(T) = 1| Z(T) > 0)

T (pZ0>0

This lemma proves that o ) has a decomposition into an

absolutely continuous part with respect to m, namely its restriction to
([, T),%([7, T))) and a discrete (also singular with respect to m) part,
being a point mass at TV. Now by the Radon-Nikodym theorem, the
absolutely continuous part must have an m-density, which we can find
by taking the t-derivative of F(t) over [z, T).

The conditional probability P.(Z7(t) =1 | Z(T) > 0), from which we
have described FTT, has not been directly characterized, but as we con-
dition on an event, which we assume to have positive probability, and
furthermore that (Z7(t) = 1) c (Z(T) > 0), the conditional probability is
simple to find from the quantities characterized in the last sections.

Theorem 3.5.2 Let T € R and assume that P (Z(T) > 0) # 0. The restric-
tion of the distribution'® g7 (]P(TZ(T)>O)) to ([t, T), %B([t, T))) has m-density

FE(t) given as,

f) = S0

m(l — qo(t) — q2(t) P(Z(T) = 0)?

’ ZJ[0 t—1] 72T + O)Pr(Z(T) = O)fTTJrg(t)gT(l’) dm(?)

for t € [T, T) and which vanishes outside this interval.

Proof. We have argued that this density exists in the discussion above,
differentiability (m-almost everywhere) of the distribution function over
[7, T) follows from the lemma which proves that F! is absolutely contin-
uous on the interval.

Notice now that (Z(t) = 1) ¢ (Z(T) > 0) as if the population is extinct
at observation, the reduced process must equal 0 at all times, so the

17: This can also be seen as a conse-
quence of the Lebesgue decomposition
theorem [47, Theorem 7.33], where the
singular part of the distribution is mea-
sure with the point mass at T.

18: Note that when restricted, it is no
longer a probability distribution as [7, T)
does not have measure one under the
(unrestricted) distribution.
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[47]: Klenke (2020), Probability Theory

19: Any singleton is a m-null set, so we
can without trouble integrate over [f —
7, T — 7] instead of over (t — 7, T — 1].

20: One could argue that a more coher-
ent treatment could have been given with
a theorem on interchanging Lebesgue in-
tegrals and derivatives e.g. [47, Theorem
6.28], but problems arise as the indicator
function on the intervals we integrate
over, are not differentiable in the tradi-
tional sense, hence one would have to
work with generalized functions and weak
derivatives. In that light, it does not seem
too incoherent to transform the problem
from Lebesgue to Riemann integrals.

distribution function becomes,

FT(t)=1- ]PT(ZT(t) =1|2(T) > o)

P, (Z7(t) =1, Z(T) > 0)
P.(Z(T) > 0)
P (ZT(t)=1)
- P(Z(T) > 0)

for t € [7,T), where each of these quantities has been characterized in
the preceding sections.

To find the density of the distribution we can take the t-derivative of this
distribution function. I.e. we have that

2P (ZT(t) =1)

Iy =-24

P.(Z(T) > 0) (3.7)

Let us consider the numerator here,

J J
P (Z7()=1) = 5:(1-Gu(t - 1)
- % L_T,T_T] (%(T +0) + ot + OP(Z(T) = 0)2) g(£)dm(e)
+22 72T + ) Peyy (Z(T) = 0)Psg (zT(t) - 1) 2e(6) dm()
[0,t—7]

Wanting to interchange the derivatives and integrals, we transform
the integrals from Lebesgue integrals to Riemann integrals. By [47,
Theorem 4.23] there arise no complications in this transformation as we
can consider both integrals to be over the closed intervals'’, on which
the integrands, considered as functions of t are continuous, and thus
Riemann integrable,

J J
SP(Z7(1) =1) = 51 -Gult - 1)

T-7
. % L_ (900 + 0+ g2l + OPe(Z(T) = 07 ) ol0)dlt

t—1
" Z% L D27+ O P (Z(T) = P (Z7(1) = 1) gu(0) dt

Now using Leibniz’ rule for interchanging derivatives and Riemann
integrals?’, we get

%]PT (ZT(t) = 1) = —g«(t —1)

+ (90() + 220 PUZ(T) = 0) el

+202()PH(Z(T) = 0) Py (Z7(8) = 1) gelt)
o[ O Peat(Z(T) = 0) 2 Peue (27() = 1)go(0) al
£2[ (e OP(Z(T) = 0 3 Pee (276 = 1)s(0)

where the integral can, for the sake of consistency, be transformed back
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into a Lebesgue integral

2P (20 =1) =gt -0

+(90(0) + 420 PL(Z(T) = 0)) ge(t = 1)
+202() PUZ(T) = )Py (Z7(1) = 1) gult - 1)

2 Lo,t-ﬂ 92(7 + €) P (Z(T) = 0) %JPH@ (ZT(t) = 1) g<(0)dm(0)

Plugging this into Equation 3.7 we get

gr(t - 1)

0= 5. zm 0

(1 — qo(t) = g2(t) P{(Z(T) = 0)°

~20a(t) RUZT) = 0) P (27(0) = 1))

%]PT+[ (ZT(t) = 1)
Pr+o(Z(T) > 0)

- zj galt + OP oy (Z(T) = 0) ge(O)dm(t)
[0,t—1]

_ g’[(t - 1) _
= m(l — qo(t) = g2(t) PH(Z(T) = 0)?
= 22(0) P (Z(T) = 0) Py (27 (1) = 1))
" zj 4ol + DPo(Z(T) = )7, (H)g<(0) dm(0)
[0,t—1]
O

We finish with an interpretation of this integral equation. The first split in
the reduced process could actually happen at the time of the ancestor’s
death, this happens only if both the offspring, which the ancestor must
have, produce extant progeny, this happens with probability

1- (qg(t) + q2(t) PH(Z(T) = 0) + 2 q5(t) P, (Z(T) = 0) P, (ZT(t) - 1))

as we here subtract from one the probability of the complementary event
that the ancestor either has no offspring, has two offspring but both have
no extant progeny or has two offspring and one of them has no extant
progeny. In this case, where the death time of the ancestor is actually
the splitting time in the reduced process, the splitting time has density
g7(t — 7) as this is the density of the death time of the ancestor.

If the splitting time is not at the ancestor’s death time the ancestor must
have died at some time before ¢, i.e. with an age £ less than t — 7, at this
point it must produce two offspring one of which cannot have any extant
progeny, while the reduced process started with the other individual
has its first split at time ¢ with density fTT+ ((t). Which of the ancestor’s
offspring takes which path doesn’t matter, hence the factor of 2.
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Reduced binary branching trees

Ashasbeen hinted at several times up until now, there is a deep connection
between branching processes and trees. This connection was already
seen partly in Chapter 2 where we defined certain subsets of individuals
in a branching population to form a Neveu tree, and noted that each
element in our population sample space can be thought of as a tree of
the realized individuals marked with their lifetimes. These notions were
however left when characterizing the classical and reduced branching
processes in Chapter 3, where only the number of individuals satisfying
some rule over time was of interest. In this chapter, we will return to
investigate trees as formed by branching populations, and in particular,
we will study the analog to the reduced branching process for branching
trees, namely, the reduced branching tree, which is the ancestral tree of
the extant individuals, not containing any individuals without extant

progeny.

This path of endeavor is clearly inspired by the evolution of phylogenetic
trees. Where we in the last chapter extended a classical model for the
number of ancestral lineages through time, we will here extend the
classical models of phylogenetic trees to be based on our reduced time-
varying Bellman-Harris process instead of e.g. the Yule or birth-death
process. Another aim of this chapter, as with the last, is to formalize
and partly generalize the results of [22, 41], in particular the tree density
proposed in Section 4.2 of [41] and in Section 3.1 of [22].

We start with an introduction to trees in general with a particular focus
on the type of trees we want to model. Then we turn to construct a
measure space of the considered trees, such that we can define them as
random variables with values in this space, and such that we, in the last
section, can consider the distribution of the reduced branching trees, and
in particular find a density function for them.

As in the last part of Chapter 3, we will, silently, only work with binary
branching processes, but in contrast to that chapter we will actually
work on the binary Ulam-Harris space, and not just restrict the offspring
process to be binary.

This chapter contains several constructions and results, which to the best
knowledge of the author, are novel, of most importance are

» The dominating measure constructed on marked tree space.

» The construction of the reduced branching tree as a tree of least
common ancestors.

» The density function of the reduced branching trees, with respect
to the aforementioned dominating measure.

The introductory section on phylogenetic trees is primarily based on [,
6] and [82].

4.1 Phylogenetic trees . ... 54
4.2 Marked Neveu trees ... 59
4.3 The reduced branching

tree . . ............ 65

[22]: Gernhard et al. (2008), ‘Stochastic
properties of generalised Yule models,
with biodiversity applications’

[41]: Jones (2011), “Calculations for multi-
type age-dependent binary branching
processes’

[1]: Abraham et al. (2020), An introduction
to Galton-Watson trees and their local limits
[6]: Andersen (2023), ‘Models for the
evolution of a phylogenetic tree’

[82]: Steel (2016), Phylogeny



54 | 4 Reduced binary branching trees

1: We do not necessarily think of a phy-
logenetic tree as the strict mathematical
object defined e.g. in [82], but rather the
general concept of a tree consisting of
species and their ancestral relations.

[31]: Hedges et al. (2009), The timetree of
life

2: For now, just the loosely defined con-
cept of a (phylogenetic) tree, we return
to a rigorous definition below.

Figure 4.1: A reduced phylogenetic tree
observed at time T with extinct individ-
uals, that have no extant progeny, illus-
trated with dashed lines.

4.1 Phylogenetic trees

In Chapter 2 we defined a certain subset of the Ulam-Harris space to
be a Neveu tree if its individuals satisfied a set of characteristics, and
we have noted that such a tree can be marked with lifetimes of the
individuals to represent both the genealogy and temporal component of
the population’s evolution. Instead of thinking of trees as being subsets
of the Ulam-Harris space, they are usually studied using graph theory, but
we will see that our Neveu trees are just a specific type of graph theoretic
tree called a planted oriented tree, which in turn is a type of rooted tree,
which we can endow with edge lengths to represent the lifetimes of each
individual. We start with a description of the trees that we actually want
to model, and how to define them as random variables on the population
space.

4.1.1 Phylogenetic trees as observed and modeled

As discussed loosely in Chapter 1, there exists a plethora of different
trees analyzed in the field of phylogenetics, each with the possibility
of answering its own set of questions. We will primarily be interested
in the reduced phylogenetic tree sometimes also called the reconstructed or
ultrametric phylogenetic tree, which we initially will characterize from the
complete phylogenetic tree'.

Remark 4.1.1 Phylogenetic trees are not per se defined as having edge
lengths in all cases, we will however mostly treat so-called phylogenetic
time-trees [31] where the time each species in the tree lived is marked
on the tree by its length, as these are the trees intrinsically produced
by our branching population. To minimize the number of adjectives
we have to say every time we refer to a tree, we will often leave out
the time component from the naming, but certainly still have it in the
definition. If we strictly talk about a phylogenetic tree without edge
lengths we say a tree shape.

Consider a tree? consisting of extant and extinct species, up to some
observation point, all stemming from a common ancestor. This complete
phylogenetic tree describes the full evolutionary trajectory starting at the
common ancestor, even with species that are not extant at the observation
time. As it is often not possible to gain information about the species
that have gone extinct before observation, it is a quite uncommon tree
to observe, and biologists would in most situations only have access to
the tree in which all extant individuals have been deleted, this is the
reduced phylogenetic tree (see Figure 4.1). The reduced phylogenetic tree is
in other words the tree containing the least common ancestors of each
clade and their relations to each other, and it is important to note that
the reduced phylogenetic tree in itself does not contain any information
about what happened between each of these least common ancestors, e.g.
we do not know how many species that have since gone extinct each of
these common ancestors have produced.

Connecting this to our foundational approach of branching populations,
consider a population (of species) originating at time T € R and look at the
random set of individuals born before time T > 7, in Section 2.2 denoted



by Yr, this forms the complete phylogenetic tree of the population up
until time T. The reduced phylogenetic tree should in contrast to the
complete tree not contain any extinct species that do not leave any extant
progeny, and in particular, if we for any extant individual x € Zr traced
back all of its ancestors, and combined their lifetimes, this should sum to
T — 1, which is also why some authors call it an ultrametric tree.

This last point could be read as assuming that the death time of all
the extant individuals is exactly at time T, but that they haven't yet
produced any offspring, essentially making them non-extant, which with
our assumptions about reproduction is certainly nonsense. Instead what
we mean is that the lifetime of the extant individuals are censored, and can
from our coming definition of a phylogenetic tree never be observed.

To get the shape of the reduced tree, one might naturally suggest to
take this tree and deleting all individuals not having any extant progeny,
i.e. the ancestors of the extant individuals AnZ;, but this suggestion
is troublesome in three regards. First, the set of ancestors does not
necessarily constitute a Neveu tree, as we could have two realized
individuals x1 and x2 where x1 produce no extant progeny, but x2
does, so the labeling the ancestor set would not actually be a proper
sibship ranking (see Figure 4.2). This could maybe be fixed by some
appropriate relabeling of each individual, as the labeling in itself is not
of any importance and as the other conditions for being a Neveu tree are
satisfied, but this is seemingly not a trivial task to formalize.

Besides the labeling issue, the ancestral set will possibly contain indi-
viduals that we would not observe in a reduced phylogenetic tree, in
particular, those individuals that produced offspring, but only one of
which themselves produced any extant progeny. That is, the set, seen as a
tree, might contain two or more sequential edges that are only connected
to each other and no other individuals, and we would in particular have
several splits before the observed split as the least common ancestor of
all the extant individuals. One might suggest identifying all individuals
between each split at the least common ancestors, and this is a good idea,
but will not solve the last, and for our probabilistic branching framework,
most damning problem with this "definition" of the reduced tree.

Working from the ancestor 0,°> we could identify all the individuals
between this and the least common ancestor of all the extant individuals.
Now to do any distributional analysis on a random object defined from
our branching population, we will have to get some recursive charac-
terization using either the ordinary or the strong branching property
of Theorems 2.4.1 and 2.4.2. The natural line on which to condition is
then the immediate children of the least common ancestor of all extant
individuals, and then have a distribution of the full reduced tree given as
some combination of the distribution of what happened between 0 and
the least common ancestor (which would be measurable with respect
to what we condition on), and the distribution of the resulting trees
of the progeny processes given by the branching process. But to use
the branching process we need either a fixed line of individuals or an
optional line, neither of which the children of the least common ancestor
is, as the least common ancestor is very dependent on the future of the
process. It might be possible to prove the branching property for such
specific random lines which are not optional, but the author have not
succeeded in doing so.
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21

Figure 4.2: A complete tree, e.g. an obser-
vation of Y, in which the Neveu labeling
would not work if we deleted the extinct
individuals.

3: This is not necessarily a least com-
mon ancestor of any clade of the extant
individuals.
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4: Or equivalently each node, see Sub-
section 4.1.2.

5: This in itself is just the identification
of individuals from before

6: Many authors allow for a binary tree
to have interior vertices with out-degree
1 also, but we stick to this stricter defini-
tion.

7: For general graphs we have no guar-
antee of the existence of a planar embed-
ding.

[81]: Stanley (1999), Enumerative Combi-
natorics

8: Cy = % is the n’th Catalan num-
ber

Instead, we return to the second heuristic construction of the reduced
phylogenetic tree from above, where we look at each branch* as repre-
senting the least common ancestor of one or another subset of the extant
individuals,® and treating these as being the individuals of a branching
population themselves. The very nature of being a least common ancestor
means that it must have at least two offspring, and exactly two in the
binary population case, so if we can characterize the lifetime distribution
of this least common ancestor, we have a new well-defined branching
population, for which we absolutely can use the ordinary branching
property on the immediate potential children of the least common an-
cestor as this the fixed line IN, or in the binary case {1,2}. Fortunately,
we characterized the distribution of the time of splitting of the least
common ancestor in Section 3.5, which if we know the origin time of the
population characterizes the lifetime distribution.

Before a formal definition of this ancestor population and the reduced
branching tree on it is apt, we have to expand our theory of Neveu trees
a bit and set them into the context of general graph-theoretical trees.

4.1.2 Graph theory and trees

A tree or as we will sometimes call it a tree shape is a graph (V, E) with a
finite or countable set of vertices V and edges E C V X V, in which any two
vertices are connected by a unique path, i.e. if for any two vy, v, € V there
exists a unique sequence of distinct vertices vy, ..., v,-1 € V such that
{v1,v2},{v2,v3}, ..., {vn-1,v,} € E.If the tree has a singled-out vertex
p € V called the root, then we have to do with a rooted tree. We will say
that an edge {u, v} € E in a rooted tree is directed from u towards v if
the unique path from p to v contains u. Each vertex in a rooted tree then
has an in-degree and an out-degree counting the number of edges directed
towards and from the vertex, respectively.

We can then divide V into the set of interior vertices denoted by \7, those
who have non-zero out-degree, and leaves denoted by V, which have
out-degree 0. If all non-leaves have an out-degree of exactly 2, the tree is
binary.® A subgraph of a tree, in which any two vertices are connected by
a unique path, is called a subtree, note that any subtree of a rooted tree is
rooted at the unique vertex contained in the path from the original root
to any vertex in the subtree.

Note that while we have and will often draw trees (in the plane R?)
to represent them, this is not usually a unique representation. If such
a drawing contains no crossing edges, it is formally called a planar
embedding, and for any tree such an embedding exists,” but may not be
unique. A planar embedding of a rooted tree is equivalent to augmenting
the vertices with an orientation, which gives a rule for where to draw each
vertex, and thus each edge.

A classical result of combinatorics (see e.g. [81, Example 5.3.12]) is that
there exist

_ (@2n-=-2)
Cn-1:= ni(n —1)!

oriented rooted trees with n leaves.® We now define a symmetry vertex



of a binary rooted tree (or any extension of such) to be a vertex with
out-degree of two, such that both subtrees rooted each of these are
indistinguishable. By indistinguishable, we mean that there should be
a natural bijection between the two graphs, which does not alter any
additional characteristic we might have endowed each vertex or branch
with. For example, an oriented tree has no symmetry vertices, as we can
always distinguish the two subtrees of any vertex by their orientation.
This notion of symmetry vertices allows us for a given tree shape, to
count the number of oriented trees that have that exact tree shape. If
we by s denote the number of symmetry vertices in our tree shape with
n leaves, there are 27175 oriented trees with that tree shape. For more
details on this see [6, 82].

A possible choice of orientation for each v € V with out-degree k is
to label each vertex that has an incoming edge from v by v1,v2, ..., vk,
starting from the root p, which we might label 0, and continuing this
labeling for all vertices, we get that any vertex has the labeling 0v1v,...v)
for some k € Ny, i.e. we can identify each vertex with an element of the
Ulam-Harris space. If the tree is binary, we can make do with the binary
Ulam-Harris space. Note that the conditions of a subset of Ulam-Harris
space for it to be a Neveu tree y € N are created exactly such that the
graph (y,{{x,y} e y Xy :3n e N: y = xn}) is a rooted tree.

Our treatment of Neveu trees up until now has not specified the edges of
the tree, due to them being given intrinsically by the vertices’ labeling,
and since we can identify each edge with its incoming edge. This doesn’t
fit fully into our definition of a rooted tree as the root has in-degree 0, and
thus cannot have any incoming edge. This is mitigated by introducing
planted trees, in which we add a "pseudo-edge" going into the root, but
not coming from any other vertex. What we finally have is that a Neveu
tree is a planted oriented tree (V,E) where V =y and E = y.

Remark 4.1.2 We have seen that in a Neveu tree we can identify the
vertices and edges, furthermore, these also represent individuals of
the population (which we often interpret as being species or ancestral
species) and thus branches (which of course is just another name
for an edge) of a phylogenetic tree. We will use all of these terms
interchangeably.

4.1.3 Binary Neveu trees

With some graph theory at hand, we return to Neveu trees as defined in
Subsection 2.1.2, in the special case of a binary Ulam-Harris population,
and in particular to define some operations on the space of binary Neveu
trees. Much of the theory below will hold for trees on the full Ulam-Harris
space, but binary trees will simplify some results and are all we need.
Adjusting the former definition just slightly, we have, y C I is a binary
Neveu tree if the following conditions are met

» O0ey
> XEY = Mxe€y
» y2ey = yley
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[6]: Andersen (2023), ‘Models for the
evolution of a phylogenetic tree’
[82]: Steel (2016), Phylogeny
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9: Recall that the Ulam-Harris space is
itself a Neveu tree.

and if each generation is finite, we call the binary Neveu tree locally finite,
that is,

» #(y N{1,2}") < oo forall n € Np.

Any binary Neveu tree is locally finite as the possible offspring is always
limited to at most two. Thus we will now only work with the two spaces
of, respectively, all Neveu trees /' = N, and of finite Neveu trees .

For the treatment of the reduced branching trees, a few notational
instruments and operations will be helpful. Let y € N, the n’th generation
of a tree is denoted y,, that is

yn =y N{1,2}"

and note that this might be an empty set, in particular, it is so if the
branching population has gone extinct before generation 7. A tree cut at
height n is given by

Yin={x€y:g(x) <n}

which on the contrary cannot be empty as 0 € y|,, for all n € INo. We note
that the ) = o = {0} forall y € V.

Analogously to the shift operator, S, we have defined on (5, o) for each
x € I, an even more fundamental shift operator works directly on the
Ulam-Harris space or a Neveu subset of it. The shift operator on a Neveu
tree’ y € W called Sy for each x € y treats the rooted subtree under x as
its own Neveu tree, i.e.

Sx(y)={yel:xyey}

We remark that there naturally is a connection between the two shift
operators, for any x € I we have

Sx(@) = (Tx((D)/ {a)xy Yy € Sx(l)}) .

A special operator for assembling trees on N is handy when working
with trees generated by branching populations. Consider a finite tree
y € Ny with non-empty leaf set y, then foreachx € M C y let yy € W,
we defined the grafted tree at M as

Yy ® yr=yUl J{xy:y ey}
xeM

xeM
note that if y, = {x} for each x € M the grafting does nothing, i.e.
Y @xem Vx =7

Together, the notion of shifted trees and grafting gives us a useful decom-
position of a given tree y € N, namely as the tree up to some generation
n grafted with the shifted trees for each individual of generation n + 1,

Y="n @ S:«(y) (4.1)

XE€YVn+1

forall n € IN.



4.2 Marked Neveu trees

All of these constructions are working on discrete genealogical (Neveu)
trees, but as noted in Remark 4.1.1, we are fundamentally more interested
in trees that carry some temporal component of the evolution of the
population. In particular, will it be interesting to consider random Neveu
trees where we assign each individual with a branch length corresponding
to their (censored) lifetime, and we will do so by introducing marked
Neveu trees and constructing a measure space over such trees, such that
we can eventually define random objects with values in this space and
study their distribution.

A marked tree is a Neveu tree y augmented with a sequence of positive
marks'® {€}xey € R’ one for each individual in the tree

Y= (71 {ﬁx}xey)

We should think of the marks as some characteristic of the individual, and
for our purposes, it should of course reflect some temporal component
of the population. With the marks all being positive real numbers, we
can graphically represent a marked tree as the planted, binary-oriented
tree!! with edge lengths given by the marks.

The natural choice of the marks in our case is of course the (censored)
lifetime of each individual, and this will be our primary example, but for
now, we just work with a generic mark. Wanting to represent the reduced
branching tree as a marked Neveu tree, we could also have chosen to
consider only marks such that along each line of descend they would
sum to T — 7 (for a population initiated at time 7 and observed at time
T), but we will not make this restriction on the space either, leaving this
to be a restriction on the measures on the space.

The space of all marked trees is defined as,

K= Uy Aldvey) - {bdsey € RV} = () xR

YEN YEN

If only finite trees are of interest, we make the analog definition of JVO* ,

Ny o= U {(Vf{fx}xey) t{lx}rey € ]RK} = U {y}x ]RK

yeN veM

Note that the Neveu tree operations defined in Subsection 4.1.3 all make
sense for marked trees as well, by doing the operation on the underlying
Neveu tree and only considering the relevant marks. In particular, we
have the fundamental decomposition at generation n € INy of marked
trees,

Y=V, @ S() (4.2)

X€Yn+1

In the following, we will only consider finite marked trees as this space
should be vast enough to contain any binary random tree evolved in
finite time under our assumptions that each individual only has a finite
number (often binary) of offspring and that each individual has a strictly
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10: In theory we could mark each indi-
vidual with a more general object than a
real number, but a real number is exactly
what we need for the further develop-
ment.

11: Which has a unique planar embed-
ding.
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[47]: Klenke (2020), Probability Theory

positive lifetime, and there hence cannot be any explosions of births at any
single moment.

4.2.1 A c-algebra of finite marked trees

To treat random finite trees we must equip the space N with a o-algebra,
and to study distributions with density on this space, we will furthermore
equip it with a suitable dominating measure. As a marked tree contains a
discrete part and a continuous part, some apparent trouble arises in that
the dimension of the continuous part, i.e. the marks, are dependent on the
discrete part, so a simple product o-algebra of all subsets of Neveu trees
and some finite-dimensional Borel algebras are not sufficient, and a more
intricate combination of the discrete and continuous part is necessary.

We propose the following collection of sets as an appropriate o-algebra,

€ = {U{V}XBV:BV E%Vforeach)/EJVo}
)/E./V[]

where 9, is the Borel o-algebra on R’. Elements E € € are then of the
form

E=|J{r}xB, ={_J{y} xB,

y€MN yel

for some chosen By, and I C Ap such that B, = () for all y ¢ N. Hence
even though a general element of € might seem more complicated than
necessary, simple subsets of N like a singleton fixed tree with fixed
marks are in the collection if we fix a y € Ny and choose I' = {y} with
B, = {lx}xey € B,. It is important to note that each element E € € is
a disjoint union of elements E, = {y} X By, for all y € N as for two
v, 7" € N the intersection E,, N E,- is only non-empty if y = ).

It is not entirely evident that € actually constitutes a g-algebra on A,
hence we make the argument,

Proposition 4.2.1 € is a g-algebra on N;.

Proof. We check the three criteria for a o-algebra [47, Definition 1.2],
namely that it contains N7, is closed under complements and under
countable unions.

It is evident that N € € by choosing By, = R for each y € Aj. To show
that € is closed under complements we take a set E € €, i.e. we take
arbitrary B, € %, for each y € Ny and look at the complement of this E
in Ny

0 7

= JyxBes

]/EJVU

EC =N0*\E=(U{y}ny)\(U{y}xBy

V4 eM V4 eMN

as BE € B by B,, being a o-algebra for all y € No.



For the last criterion, we choose a sequence (E,;),en of sets in €, and by
doing that also a sequence (B’;,)(},,n)e MoxN such that for each y € Ny we
have B;ﬁ € By for all n € IN. Let us thus look at the union of the E;;’s

- U[Uors)

neN nelN \yenN

U (Yo <)

yeN \neN

=JxUUBjes
yEM neN
——
E€RBy

again using that 9, is a o-algebra for each y € Aj. We have thus shown
that € is a o-algebra on W/ O

As so often with o-algebras, their elements are not quite as accessible as
we would like, but for many arguments, it suffices to consider elements
of a generator of the g-algebra. As %, is a Borel o-algebra, the following
quite natural class of sets comprises a generator for €

Lemma 4.2.2 Consider the class of sets with the Borel set for each y € Ny
being a Borel rectangle,

G ;:{U{y}xXB;ﬁ:B;ﬁe%foreachye./\fo,xey}

vEMN xey

It holds that 6 is N-stable, contains Ny and that 0(6g) = €.

4.2.2 A dominating measure on marked tree space

With a measurable space at hand, the natural next step is of course to
define measures on it. Certainly, if Y is a random variable with values
in (N, €) then the distribution of Y* must be such a measure. We will in
the coming sections, when we have defined the reduced branching tree,
find the distribution of this tree and in particular characterize it through
a density function, where the density should of course be with respect
to some dominating measure on (N, ). This measure should take into
account the specific temporal features of the reduced branching tree as
discussed, in particular, must the marks along each line of descent sum
to T — 7 (for a population initiated at time 7 and observed at time T), as
we will treat them as being (censored) lifetimes.

Initially, we will define a No-kernel on (N, €), (i )y, which for a given
E € € only measures the branch length sets (i.e. the continuous part) for
the part of E that has to do with a specific Neveu tree. From this kernel
we will eventually define the measure u on (A, €) as the integration
measure of the kernel with respect to the counting measure cy, on the
set of finite trees, i.e.

H(E) := cy ® (1y)yenm = Z ty(E).

)/E/V()
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12: Itis certainly a kernel if we let y vary,
but this consideration is saved for later.

13: We denote the Dirac measure on
(R, %) with concentration at ¢ € R by
0. Le. for all B € B we have

0x(B) = 1p(x).

Remark 4.2.1 One should maybe for clarity super- or subscript these
kernels and measures by the origin and observation times, as they are
heavily dependent hereon, in fact, one could furthermore consider
them as kernels indexed by these times as well. We will however
consider 7 € R and T > 7 as fixed whenever we are working with this
measure, so for notational brevity, we leave them being implicit.

Initially fix y € Ny and let us consider how to construct the measure .
Each mark/branch length of y* = (y, {,) is certainly very dependent
as described, so also for the individual measure on each branch will
we construct a kernel, taking into account the individual’s ancestors’
branch lengths, akin to our fundamental construction of the measures
on (QI, &11) in Proposition 2.3.1.

We will hence for each x € y define a (]Rﬁfn" , Bany)-kernel K; on
((O, T-r1], %(O,T—TJ)' Note that K()), is always a measure, not a kernel, for
given y € My as 0 has no ancestors.'> The definition of each is given in
the following, but certainly, the kernel on each internal branch should be
some restricted Lebesgue measure and for the leaf branches be a Dirac
measure'® with the appropriate point of concentration determined by

the branch lengths of the ancestors of that branch.

Consider first the special case of y = {0}, here we only have one mark,
and thus no dependencies to take into account, but we do have to restrict
what the length of the branch can be, as it must be exactly T — 7. Hence

we define the measure K({)O} forall B € %,

K({)O}(B) := 07—(B).
we will thus identify po)(E) := K?O}(B{O}) with E = Uyren{)’'} X By
For any other y # {0}, we define for the ancestor 0 the measure for all
B € B,r-x,
xy(B):=m (BN, T - 1))
and for all other internal branches x € y we let
i) (banx, B) := m [ BN (0, D zfy]
y<x

and for all the leaf branches x € y we give it as

% (banx, B) := 01-3, . ¢,(B).

We will then define y,, as the integration measure of the product kernel of
all of these ordered under the linear order <, let us call it x,,, evaluated in
the branch length sets associated with . The order of the product kernels
is important, as we want all the necessary branch length information
available to the right kernels, i.e. if we denote the maximal element of y
under the linear order < by v, and the maximal element of y by u, we



have
wy(E) = 1,(By) =) ® (® K;) (By)
x=1

=[] ] 180 @ Eans, )+ i, ) i)

| J . J 15, (6,) ddr_s, . 1,(€) -+~ dm(ly) dm(ly)
0,T-1) J(0,T-1-4) ’

1, (Ev) dm(é,)--- dm(f)

\J 0,T-1) »[(O,T'[Zy<l, ty)

where I, = {yifxe yand b, =T — 7 — Y y<x by if x € , and where we
have used that integrating with respect to a Dirac measure is the same as
evaluating the integrand in the point of concentration. By [47, Corollary
14.26] this actually defines a measure for given y € Ap \ {{0}}.

With u,, given for all y € Ny, we define the integration measure of the
kernel with respect to c,, to get our final measure on (JVO* ,6),

H(E) = ey ® (tty)yens = D piy(E)

)/E./V()

and this is actually a measure by [47, Corollary 14.26].

As our goal with the measure 1 is to use it as a dominating measure for a
distribution, and a density with respect to u for that distribution, it will
be convenient to know how to integrate with respect to p.

Proposition 4.2.3 Let f: (N, €) — (R, B) be a non-negative function.
The integral of f with respect to u is

J fdu=S| fduy = 3| £, 0)dx,(8)

)/E./Vo }/E./\[o

where both sides can equal oo and the integration with respect to 1<7T, for
y # {0} is given by

f £, 6) diey (8)
- j j F02B) dm(fmacy) - dm(lo)
(O/T_T) (O/T_Zy<max)/ [y)

with by = b if x € pand &, = T — Ty, by for x € ¥, while for y = {0} it
is given by

[ o), )y @) = £ct03, 7).

Proof. Initially, we see how to integrate indicator functions 1f for some

4.2 Marked Neveu trees 63

[47]: Klenke (2020), Probability Theory
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E =U,exiy’} X By € € with B, € B, for each )’ € Ny, we then have

J 1gdy = M(E) Z Hy(E) Z Ky ( )
yEMN y€MN
= 1z, (ey) de(fy)

- 1yyxs, (7, &) drcy (6))

= 10, ex, ()%By (v, &) dxy (6,)

= 1e(y, 4)) dxy(t))

Now the result for general, non-negative f follows by the standard
[89]: Williams (1991), Probability with Mar- machine [89, Chapter 5.12]. For non-negative simple functions, i.e. if
tingales fn = 22:1 ex 1, forex > 0, Ex € € forall k < n € N, we have

andu= Zekladu
—Zele 1g, du

n

=>ex > | 15y, ty)dr,(sy)

k=1 vEM
n
yeN k=1
= Z fn(Vrty)de(tV)
yeN

where the sums can be exchanged since we only work with non-negative
terms.

And finally, any non-negative measurable function can be approximated
by an increasing sequence of non-negative simple functions, i.e. there
exists a sequence (f,)nen Of non-negative simple functions such that
fu T f, so by the monotone convergence theorem we have

dey=j,}g{}ofndu

= nh_I)I(}o Z J fu(y, t)/) dKV(tV)

}/E./\fo

= Z 11m Jlfn(y,ty) dxy (ty)

)’E./Vg

J lim fn()/,ty) dxy (t))
)’E./Vg

J £ty dicy(8y)

‘}’E./Vg
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We have used monotone convergence several times above, once to ex-
change the limit and integral, then to exchange the limit and the summa-
tion (integrals are monotone, so the integrals of an increasing sequence
are increasing), and finally to exchange the limit and integral back into
order.

The integration formula for each «, follows from Tonelli’s theorem for
kernels [47, Theorem 14.32] and that integration with respect to the Dirac
measure is evaluation of the integrand in the point of support of the
measure. O

With the measure space of finite marked trees at hand, we are ready
to define the reduced branching tree whose distribution our goal is to
characterize.

4.3 The reduced branching tree

Constructing the reduced branching tree is as described in Subsection 4.1.1,
not as simple as letting it be the random set An Zr, endowed with some
marks. On the contrary, we have to start all over in our branching
population construction as to define a new branching population, where
we instead of thinking of each individual as a species, we think of it as a
least common ancestor of some subset of the extant individuals, that is,
we essentially take the set

{lecaM: M C E7}

as our starting point and define a new branching population over all such
possible sets. The important point here is that the set of least common
ancestors will evolve in exactly the same form as our original branching
population, where the least common ancestor of all the extant individuals
will be labeled by 0, and this ancestor produce exactly two new ancestors
labeled by 1 and 2 which are ancestors of each their subset of the extant
individuals, and so on, independently of how a given realization of Zr
looks, as long as it is not the empty set. Thus we identify the set of all
potential ancestors with the binary Ulam-Harris space. For clarity’s sake,
we denote this set of potential ancestors by I, even though it is completely
identical to the set I, if it represents the binary Ulam-Harris space.

Now we can, just as done in Section 2.2, define the common ancestor life
space (C, si) the common ancestor population space (@, gl ) and the common
ancestor time-population space (Q, s). On the common ancestor life space
we can define the (R, %)-Markov kernel™ (ITT).cgr, which by Proposi-
tion 2.3.1 defines the (R, %)-Markov kernel (Q!).cr on the common
ancestor population space, which by the arguments in Remark 2.3.1 can
also be treated as a kernel on the time-population space. It is essential to
note that as this construction is fully analogous to that of Section 2.3, the
branching property of Theorem 2.4.1 will also hold for (QF) cr.

We will in general endow any variable or process that has already been
defined on either the life, population, or time-population space of our
original population, with a ~ to signify its version as defined on any of
the common ancestor sample spaces, and if writing words about them
we will prepose them with ancestral or common ancestor.

[47]: Klenke (2020), Probability Theory

14: See that 1L is also indexed by the
observation time. One could see it as a
kernel indexed both by 7 and T, but we
will not let T vary at any point, so this is
not considered.
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We will throughout this section only consider the original population
which is initiated at time 7 € R, is observed at time T > 7, and for which
we assume that the population is not a.s. going extinct, i.e. Pr(Z(T) > 0) #
0. If the original population did go extinct a.s., there would a.s. be no
extant individuals, and hence no reduced tree to study, so this is not as
such a restriction.

4.3.1 Ancestral lifetime distribution

Initially, we can consider the ancestral lifetime variable L: (Q,d) —
(R4, %) and the ancestral offspring process N(#): (Q, d) — (N, 2MNo)
for all t € R. Under the general assumptions above, we know that the
least common ancestor of all extant individuals in the original population
must die at time 0ycy(%;), S0 this should certainly also be the splitting
time of the ancestors’ ancestor 0 in I, which is also, by definition, born
at time 7. Now as the splitting time J: (Q, d) — (R, B) of an ancestral
individual can be expressed from the common ancestor life space as
& = 7 + L we have for the ancestral life law that

L(I1T)(B) = TIX(L € B) := Py (0ya@y) — T € B| Z(T) > 0)

for all B € AB,. From a measure-theoretic point of view, this makes sense
as both LV(Hz) and (Oca(zy) — T)(]P(TZ(T)>O)) are measures on (R4, % ). The
distribution Glm(zT)(IP(TZ(T)>O)) restricted to ([7,T), %([7,T))) has been
shown in Theorem 3.5.2 to have m-density f! over [1, T).

Now 01¢q(z;) can possibly take values larger than or equal to T, but the
specific value it takes will certainly not affect any of our random objects as
these are only defined over [, T]. Hence we can extend f;! to all of [, o)
by letting it have be some arbitrary integrable non-negative function over
[T, o) as long as it satisfies

J FT dm = Pe (01azy) = T| Z(T) > 0) = ]PT(GT =T|2(T) > o)
[T.)

such that the full m-integral of £ is one, and it thus becomes a probability

density. With this extension at hand, we can without any problems assume

that the splitting time of a common ancestor born at time 7 will have

m-density I and thus that the lifetime distribution has an m-density
T(1 +-) over R4, and is thus given by

£T)(B) = L £7(x + £y dm(e)

forall B € %,.

The distribution of the offspring process is much simpler. We know with
certainty that any common ancestor at their splitting time produce exactly
two offspring, otherwise, it would not be a least common ancestor of any
extant individuals. Hence we simply have that §(t) = TT/ (N (t) = 2) = 1,
and thus also that §o(t) = 0 for all t € R. Consequently, the population
will never go extinct, and any common ancestor x € [ with a birth time
Ty < T will be realized, and we have no need for the realized version of
any random variables or random sets as we had in Subsection 2.2.1.



4.3 The reduced branching tree | 67

4.3.2 Defining the reduced branching tree

With the ancestral branching population fully characterized, we can finally
define the reduced binary branching tree shape Yt : (Q, i) — (M, 2') being
the set of (realized) common ancestorsin [ up totime T, i.e. forall® € Q

Y(@):={xel:t(d)<T}

and we get the reduced binary branching tree with edge lengths Y*: (Q, gl) —
(W, 6) being the tree shape marked with the (censored) lifetimes of each
common ancestor

T (@) :=

y=<x

Y(@), {tx(@) A (T — (@)= ) ty(@))} V )
xeY (@)

for all @ € Q. Note that we do not explicitly write these trees as being
dependent on T, which they most certainly are, but once again, to save
on the number of super- and subscripts, we leave it out.

Now this definition is much simpler than the faulty ones described in
Subsection 4.1.1, and it contains exactly the right amount of individuals
each having the correct labeling, and the correct branch length. Finally, if
we want to consider its distribution, we can make use of the branching
process, conditioning on the children of the least common ancestor of all
extant individuals, by conditioning on the c-algebra ?;7{1,2}, and this is
exactly what we will do in the next section.

4.3.3 The reduced tree distribution

We are now, at long last, ready to state the first characterization of the
distribution of the reduced binary branching tree. This characterization
is, however insightful it is into the actual dependency structure of the
reduced tree, only an intermediate recursive formulation, which we
will in the next section use to derive the u-density of the reduced tree
distribution.

Loosely, the following lemma shows that the distribution of the reduced
branching tree is given as the distribution of the two descendant reduced
branching trees. We then have to condition on the splitting time of the
ancestor 0 in I, and integrate over it again, to take into account the
difference in the distribution of the subtrees depending on their time of
birth. There is of course also a contribution from the possibility that the
ancestor has not died by observation, which is the only non-recursive part,
acting like a stopping condition, so we only need to apply the recursion a
finite number of times to get the full characterization of the distribution.
The proof is a simple application of the basic tree decomposition of
Equation 4.1, the branching property, and that probability measures are
uniquely determined by their values on a N-stable generator.

Lemma 4.3.1 (The tree recursion) '® Let T € R and T > 7. Consider
E = Uyeﬁo{y} X By, € Gg ie. wivth B, = xxeyB§ for B)’i € B, for all
y € Nyand x € . The distribution Y*(QT) is the unique probability measure

15: This is a much more general result
than as stated here; Any (marked) Neveu
tree conditioned on any stopping line
o-algebra has a very similar recursive
characterization of its distribution.
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on (N, 6) satisfying the recursion
QZ(Y* € E) = QI(EO >T- T) 1y (T-7)
0

T T N 1 T Vo 5
+ E Q: [1(ioeBg{m(o,T—z))QT+E0 (Y € E)/)QHEO (Y € EV)]
yeM\{{0}}

where E5, = {Sx(M)} X Xyes,(7) B]y,for all y € Mo\ {{0}} and x € y is the
set of shifted marked trees.

Proof. We start by noting that E is a disjoint union of ‘€ measurable sets,
so by o-additivity of measures we initially have,

QT

e Jiyrx By) > QZ(Y* € () x By) (4.3)

)/E/Vo )/G./Vg

The case in which y = {0} is special as the tree would contain only a
single branch and the least common ancestor must then not have died by
observation. We see that

Q! (T € ({01} x By ) = QT (¥ = {0}, = € BY,
- Q! (Y - {0}) 1y (T-7)

= QZ(I:O >T- T) 13?0) (T -1)

where we use that Y(@) = {0} can happen if and only if %,(®) > T for
all x # 0 or equivalently if Ly > T — 7.

For all other Neveu trees y € A \ {{0}}, we can use the basic tree
decomposition of Equation 4.1 to see that for any @ € (T e {y}xB,)

T@=Y@p @ &(T@)
xe{1,2}

= {(o) L@))} @ T (Sul@)

xe{1,2}

using that shifting the tree to have root at x must be the same as
growing the tree from the lives of x’s progeny, i.e. shifting @. Using this
decomposition, that the most recent common ancestor must have died
before observation, and that any Neveu tree cut at generation 0 must be
{0} the event we are working on can be written as

(Y e {y}xB,) = (Lo € BY N (0,T — 1), Y'(S1) € E1, Y*(S2) € E2)

To get an expression for the probability of this event, we use the law of
total expectation conditioning on Fy; 5, that Lg is F(; »)-measurable, and
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the branching property (Theorem 2.4.1),

Q?(Y* € {y}x By)
= OF[QF (Lo € BN (O, T =), T(51) € B1, T'(52) € Bz | T )]
= QZ[l(ioeBQn(O,T_T))QZ (Y*(Sl) € E1,T'(S2) € B | 9"{1,2})]

—NT T Vs 1 T - 2

T+Lo

so by Equation 4.3, summing over all Neveu trees we have
Qz(fr* c E) - QZ(EO ST - T) 1y (T-7)

T T Yo s 1 T Yas 2
+ 2] Qr[1<ioer;m<o,T—f»QT+zo(Y € Ey)QHzO(Y € E)’)]
yesniion

By Lemma 4.2.2 we have characterized the measure Y"(QZ) ona N-
stable generator of €, so by uniqueness of probability measures on their
generators [47, Lemma 1.42] the distribution is fully characterized by this
recursion. O

Example 4.3.1 Lemma 4.3.1 gives a very general recursion for a given
E € 6, but choosing a fixed Neveu tree y € Ny and considering the
set E = {)} X B, for some Borel rectangle B, € %,,, we get a somewhat
simpler expression

QI (T € E) = QF | 1g,cmnor—y@L (T € B} )L, (T € B3|
for y # {0}, and
QI(Y‘* € E) = QZ(EO ST - T) 1y (T-)
if y = {0}.

With this recursive characterization, we are set up to prove that the
distribution Y*(Q) has a u-density, given through quantities as described
in Chapter 3. The density function evaluated in a given marked tree is
quite intuitive, as it is simply a product of the conditional densities of each
branch length of the given tree shape, given all the earlier branch lengths
under <. The proof relies on a repeated application of Lemma 4.3.1, in
particular, the form given in Example 4.3.1, together with a number of
integral transformations to see that this is, in fact, a y-density.

Theorem 4.3.2 Let T € R and T > t. The distribution Y*(QT) has a
p-density ks (N7, €) — (R, By) given by

HZ(% EV) - l_[ fTTJ’Zyﬂ b (T * E fy) n QLZ%X b (LVO g Ex)
xey Yy=x

xey

[47]: Klenke (2020), Probability Theory



70 | 4 Reduced binary branching trees

fory # {0} and {, € {{{y}yey : X<y l: forall x € y} C RY and by
({0}, T~1) = QLo >T~1)

fory = {0}, while it vanishes for all other (y, {y) € Ny

Proof. To show that this is in fact a u-density for the distribution we have
to show that for all E € € the following holds

QZ(Y € E) :J mpdu= > j /ni()/r(}}')d"y(gy)

Y€N

As so often is suffices to check this on a N-stable generator of €, so let
E € 6g,ie E = U,en{y} X By where By, = X, Bj, is a Borel rectangle
and let E5, = {Sx ()} X Xyes,() B; foreachy € M \ {{0}} and x € y.

From the recursion in Lemma 4.3.1 we have
QZ(Y* c E) = QT(EO >T- 7) 1y (T-7)

+ > @ [1(L0eBUm(0T T))QHL (Y* € El)Q oL, (Y* € E;z,)]

yeM\{{0}}

Let us, for now, consider each term in the sum above individually, i.e. take
ay € M\ {{0}}. We can write this expectation as an integral and see that

[47]: Klenke (2020), Probability Theory the integrand is Lo-measurable, and thus the abstract change-of-variables
[47, Theorem 4.10] can be used,

Qz[l(ioeB?m(o,T—r»QLtg (T EEl)QT ( EEz)]
oL <)l (<)

T+Lo

J(L“OeBgm(o,T—r))
- J ( QH[0 (T e BT, (T € E2) dlo(@D)ito) = #
BN, T-t

The distribution LVO(QZ), like the life space distribution Lv(Hz), has m-
density fI(t +-) as

Lo(@0)(B) = Q7 ((L o Uo)(B)
= o (U5 ()

- [ ant)
L(B)

=1 (L7}(B)
= L(T;)(B)
where we have used Proposition 2.3.1 keeping in mind that 0 has no

ancestors in I. Integrating with respect to this distribution with m-density
then certainly gives us a Lebesgue integral,

*:J fT (T+€O)QT+[ (Y*EE},) A (Y €E )dm(go):*
BYN(0,T-7)
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Now if 8x(y) = {0} for either x € {1,2}, i.e. one of the remaining tree
probabilities inside the integral, x must be a leaf, i.e. x € ), and by
Example 4.3.1 we must have that

T (T* € {{0}} x B") -q’,, (Lo ST —(1+ eo)) 155(T — (7 + )

On the other hand, if 8x(y) # {0}, we can apply the simple recursion of
Example 4.3.1 and our integral transformations from above to get

T+(’ (Y* € Ex)

_ T T Yo s 1 2
- J e+ to+ )R, (Y eE;) st (T € E32) dm(t).
BEN(0,T~(t+))

Applying this argument recursively down each line of descend from 0
to each x € y, we get an analog integral for each internal branch and a

probability for each leaf, nested according to the partial order < on I.

Then moving all the integrands into the innermost integral, such that
all the integrals are nested according to the linear order <, we have
from Proposition 4.2.3 that this is an integral with respect to %, and we
particularly see that our proposed density function 7l appears,

*= J l—lfwzw ey( + Zf ) l_[QHzW 4 (LO > ¢ )dKV((]V)

By xey

- f T (y, 6,) dicy (6,)

v

Plugging this into the general recursion we get

Q! (Y € E)
=Qf (Lo >T- ’l’) 1Bo (T -7)+ Z J f()/,f;,) dwy (¢))
yeM\{{0}}
= J 1 ({0}, bo) dic oy (lo) + >, ni(y, &) diy ()
Buor yeNo\{{0}} * By

= > | #l(y,6)dr, ()

YEN B,
= Z 7;(7/// gy’) dfly(y// ey’)
YEN
= Jl nz(% Ey)d/”l
E

again using Proposition 4.2.3.

Now as we have seen that Y*(QI) and ! - u agrees on the N-stable
generator 6z, we must by uniqueness of measures on a N-stable generator
have for any E € 6 that

QT ek) = L e (7, ) du

i.e. T(Q7) has p-density 7’ O

71
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[22]: Gernhard et al. (2008), ‘Stochastic
properties of generalised Yule models,
with biodiversity applications’

[41]: Jones (2011), ‘Calculations for multi-
type age-dependent binary branching
processes’

Example 4.3.2 This result is very close to those of [22, 41]. To simplify to
that of [22] we choose the offspring process on the original population
spaces to be almost surely equal to 2, i.e. we have no extinctions, and we
choose an arbitrary time-constant lifetime distribution with m-density.
In this case, the density found in Theorem 3.5.2 simplifies to just being
the lifetime distribution itself, and almost all of the extra constructions
in the current chapter become superfluous.

To simplify to the one-type situation of [41], we choose the offspring
distribution as time-constant, but allowing for both extinctions and
speciations. We also here choose an arbitrary time-constant lifetime
distribution with m-density. Our integral equation for h! is slightly
different from that which [41] calls b. This is likely due to differences in
what we condition on, as it is not entirely clear whether [41] conditions
on non-extinction of the population, but it is mentioned briefly in
Section 2 (p. 39) that b is not always a density, which we speculate
accounts for the situation where the population has gone extinct before
observation. As the arguments for the integral equations in [41] are
completely based on heuristic argument, there might also be some
terms that were not considered as relevant, but that we have shown
them to be.

Both of these results have an obvious difference from ours in that the
densities are multiplied by a factor depending on the Neveu tree. This
factor arises as we work directly with Neveu trees, being oriented,
while the two papers ignore the labeling of the tree, and thus we should
apply the counting result for the number of oriented trees having a
particular tree shape from Subsection 4.1.2.



Conclusion and outlook

We have in this thesis explored the theory of branching processes and
branching trees and we have developed a novel framework for using
branching processes and trees for applications in phylogenetics. The
application part has been deemphasized quite a lot, besides inspiring
us into which directions to pursue. But the technical contents of this
thesis are certainly only justifiable if they can provide some insight into
the (at least theoretical®) sciences, they are not a product of math for
math’s sake. So, to qualify our efforts in rigor and formalization, we will
here summarize our results, see how they might directly provide some
insights, where there is still some work to do, where they by themselves
might be insufficient, and which directions to look further into.

5.1 Conclusion

Stochastic models for describing phylogenetic trees have been around for
exactly one hundred years. Since then a flurry of scientific insights and
advances has been based on such models, but the models themselves
have not evolved remarkably since Yule’s original process and the later
birth-death processes. In particular, do a large class of such models, which
we would otherwise have hoped for to capture some defining features
of the evolutionary process, provide an unsatisfactory fit to empirical
reduced trees [11, 49]. Considering models outside of this class could
thus prove important to gain a better understanding of the evolutionary
dynamics of the past.

One such deviation is to let the distribution of speciation times be
dependent of the age of the species. As this breaks the species-speciation
exchangeability of the previously mentioned class of models, such a
model would most likely not produce the same distribution over tree
shapes as this class does. Simulation studies, and simple analytic cases
[22, 26, 41, 42], have proved that this is in fact the case for the classical
Bellman-Harris process.

Besides in these small initial studies have the class of non-Markovian
branching process, including the Bellman-Harris process, not been ex-
amined as a model for phylogenetic trees. In particular, has the literature
seen no thorough mathematical extension of the processes to accom-
modate the special features of phylogenetic data such as seen for the
birth-death processes [48, 59]. We provide a starting point for such further
endeavors.

Initially, we built a strong mathematical foundation directly from the
concept of a branching population, on which we have seen the Markov-like
branching property holds. The branching property is not a new concept,
as first proposed in [12, 60] and with a form close to the current proved
in [37]. Meanwhile, the author knows of no easily accessible proofs in the
literature, hence a modern and thoroughly explained version has been
presented. With the branching property at hand, several results, which
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would otherwise be stated as obvious or just not given an argument, can
be proved stringently.

From the foundation, the reduced time-varying Bellman-Harris branch-
ing process was defined under the unifying framework of random charac-
teristics, and using the branching property, a complete characterization of
the distribution of this process was found. Defining the process through
random characteristics meant that it was easy to see the deep connection
between the classical and the reduced branching process. Specializing to
the binary offspring case, we showed integral equations for a number
of interesting quantities akin to [41]. In particular, we found the density
of the first splitting time of the reduced branching process, conditioned
on non-extinction before observation, a very important variable for our
further work, but also in and of itself as it is closely related to the time
since least common ancestor.

Lastly, we proposed a framework for modeling reduced branching trees
rigorously, in particular, we defined a natural measure space on which
such trees can take values and a measure on this space which was later
shown to be the dominating measure for the density of the reduced
branching tree. Using this framework we defined the reduced branching
tree and derived a recursive characterization of the trees distribution,
which was finally used to obtain the density function of a reduced
branching tree, thus formalizing, and extending, the statements in [41].

5.2 Estimating evolutionary dynamics

From the very first section, has phylogenetics been our main source of
inspiration in developing probabilistic methods for branching popula-
tions and trees. In particular, the probabilistic models for the evolution of
reduced phylogenetic trees have been the central driver of our progress.
Now, our methods should then also be applicable in phylogenetics, so
let us look at a few possible applications, and how our methods might
provide new insights.

Our reduced tree density can serve as a likelihood function of the
evolutionary dynamics for a given observation of a reduced phylogenetic
tree. In particular, if we have parametrized the offspring process and
the lifetime distribution, for example by assuming it to be a gamma
or Weibull distribution,? we can, at least theoretically, estimate these
parameters by maximizing the likelihood function. As our density, and
thus likelihood, function is the most general and practically useful form
of the likelihood of a non-Markovian model of evolution, it might provide
more accurate and robust estimates than traditional methods, this is
certainly only a hypothesis, and further studies are very much needed.

However, whether such parameters are even identifiable is an open
question. As noted, a recent study showed that general time-varying
rate parameters in a birth-death process are not identifiable [53], while
it becomes identifiable when restricting the parameter space to either
piecewise constant functions [50] or piecewise polynomial functions [51].
General estimation theory for continuous-time non-Markovian branching
processes has seen little developments since [7], and to the best knowledge
of the author, no estimation theory exists for when the full branching
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tree is observed, not only the counting process, so this might prove an
interesting further field of study.

When inferring evolutionary dynamics from stochastic processes of
phylogenetics trees we have to be careful with what we condition the
likelihood function on. [80] has made a thorough review of seven different
likelihood functions for the rate parameters in a simple birth-death model,
each of which is conditioned on slightly different events, and has done a
simulation study comparing the accuracy of the estimators from each
likelihood. Our likelihood function as presented here is conditioned on
the origin time of the process as well as non-extinction of the population
before observation, but conditioning on further events, such as the process
having a certain number of extant individuals is a trivial extension.

Too much conditioning is bad as each event we condition on will "remove
some information" present in the data, making estimators less accurate.
For example, when conditioning on the number of extant individuals,
we do not anymore have that as a "data point" which can inform us about
the dynamics of the process. In general, [80] gives a series of recommen-
dations on what to condition for accurate phylogenetic inference with
birth-death models. It is argued to always condition on non-extinction
of the population, as we would in practice never observe an extinct tree,
and extinction rates are thus underestimated. Conditioning on both the
origin time of the process and the number of species is not recommended
as this increases the variance of the estimators too much.

Knowing the origin time of a phylogenetic tree is not very common,
and most phylogenetic analyses only have data on the tree from the
least common ancestors splitting time to observation. This might seem
damning for our approach as we directly condition on the origin time,
but we can deal with this situation in two ways. First, we can simply
remove the least common ancestor vertex in the tree and consider the
resulting subtrees as independent branching populations due to the
independence structure given in the branching property. In this way, we
only need to know the splitting time of the least common ancestor, which
is then the origin time of each process. Another approach that is often
taken, is to condition on the number of extant species and assume a prior
distribution over the origin time (this is what we discussed just after
Proposition 2.3.1) over which we integrate. As we seldom know anything
about the time of origin, is is often done using the (improper) uniform
prior over (—oco, T). For more details on this approach see [6, 22].

Finally, it is worth noting that while inferring evolutionary dynamics
from observed phylogenetic trees is in itself a difficult problem, the
validity of the methods will always heavily rely on the accuracy of the
phylogenetic trees used as data, and reconstructing such trees from
genetic data on extant individuals is a very complex and demanding task,
which needs its methodological developments to become more robust
[43]. Our distribution over reduced phylogenetic trees might even prove
an interesting tool in this endeavor, as a more sophisticated prior tree
distribution in a Bayesian phylogenetic reconstruction framework, which
today usually uses Yule or birth-death process priors [18].
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5.3 Implementation

Our general methods contain essentially no closed-form solution for
anything, and solving the integral equations analytically is not very
feasible for anything but already known cases such as the Yule process
and the birth-death process. Thus applying our methods will require
computational tools, and implementing these is not completely trivial,
in particular doing so efficiently. Making readily available and efficient
implementations is of utmost importance if these methods should ever be
used as an alternative to the already well-implemented and used models.
The methods developed in [41] for example have seen no published
applications, which might simply be due to its intricate mathematical
formulation which is not trivial to implement.

For a similar renewal-like integral equation, for the mean of a Bellman-
Harris process, in the context of infectious disease epidemiology, has [61]
proposed a simple Riemann-sum discretization which can be elegantly
implemented in a vectorized approach with an interpreted programming
language such as python or R. Using a vectorized approach means getting
an efficiency close to that of a compiled language while keeping the
code readable and easily modified. In [5] an extension of this approach
to an integral equation around the same level of complexity as ours is
proposed and implemented, hence a similar approach seems feasible
for our equations. A vectorized approach was in these cases crucial
for the applicability of the methods, as a person without experience
with compiled languages should be able to extend the method to their
particular situation. Whether such extensibility of the implementation is
as important for phylogenetic application, or the efficiency of a possible
implementation in a compiled language is of higher priority is not
certain.

Another important computational tool for processes like ours is a simu-
lation algorithm. Due to the non-Markovian nature of the process, no
efficient Doob-Gillespie-type algorithms [23] exist. Instead, one must turn
to direct simulation of each individual’s lifetime and offspring process,
after which to simulate each of its offspring in the same way. If we simply
want a simulation of a population originating at time 7 € R and observed
at T > 1, this is relatively straightforward, while tedious and inefficient.
On the other hand, if we wanted to stop the simulation when it has a
fixed number of extant individuals, trouble arises for processes with
extinction as there might be several natural time points at which to stop
the process. A general sampling approach for phylogenetic trees dealing
with this exact problem, which will also fit our methods, is proposed in
[29]. Such simulation methods, both for stopping at a given time and
with a given number of extant species are implemented for the simple
non-time varying (reduced) Bellman-Harris process in [25], and this
package is easily extendable to our framework. Further work might lie in
more efficient implementations in a compiled language, which is certainly
necessary if we need to simulate a large number of trees, for example in
a Bayesian analysis using Markov chain Monte Carlo.
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5.4 Further work and limitations

As our main motivation for working with age-dependent models for
phylogenetic trees was the observed deviation between expected and
observed tree shape for a large class of models, a characterization of the
tree shape distribution induced by our reduced time-varying Bellman-
Harris process should be investigated. Our model is probably too broad
and intractable for a full and clear description of the distribution, but
further analytic results as those hidden in the supplementary materials
for [26] might be possible for other lifetime distributions and possibly
including extinctions.

Another point from [26], is that our model for age-dependent speciation
is not necessarily close to actual speciations in nature. In particular is
it very unlikely that speciations occur instantaneously at the extinction
of another species, we would more likely see that an offspring species
originates sometime during the life of the maternal species and that
this species might go on to exist alongside its descendant. [26] suggests
an asymmetric speciation mode, where one offspring of an individual
inherits the individual’s age, and the other is endowed with age 0. This
does however not fit very well into the Bellman-Harris framework,® but
would be more appropriately modeled using a simple Crump-Mode-
Jagers process. Whether to pursue such a direction more is uncertain
as the simulation study in [26] shows that using symmetric contra
asymmetric speciation has little effect on either tree shape or branch
lengths.

A few natural extensions of our process inspired by [33, 41, 76] is to
include multiple types of individuals and consider incomplete sampling
of extant individuals. The first extension is to make our branching
process a multi-type branching process [54], this will certainly complicate
many of our equations, but they should still be similar to the multi-type
approach in [41]. Extending our foundational approach to take multiple
types into account amounts only to indexing our basic Markov kernel
by both the birth time of an individual and its type, if the type of an
individual is determined from its ancestor alone, the branching property
and hence all of our results should follow. A multi-type approach might
be useful in a phylogenetic application as different species can then have
different heritable traits determining their life law. Another extension,
that is often considered in the modeling of phylogenetic trees, is the
incomplete sampling of extant individuals. In [41, 76] a simple random
sampling scheme is considered and in [33] a larger array of different
and more intricate sampling schemes are studied. In particular, has it
been shown that sampling of extant individuals can have a large effect
on the accuracy of the estimators of the evolutionary dynamics. Our
model should thus be extended to allow for, at least, a simple random
sampling of extant individuals. We conjecture that an adjustment of the
random characteristic defining the reduced process could do the work,
but haven’t been successful in working out the details, from this, we
should then again obtain similar but extended versions of the results in
[41].

Finally, our theories are only as good as the impact they can have
on actual scientific advancement, and for such to happen we need
actual (theoretical) studies using our methods, and putting them into a
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sound biological theory of evolution. As for now, we have only taken
age-dependency into account as it could solve a statistical problem,
without any biological motivation as such for this. There are a few
biological interpretations of particular choices of non-exponential lifetime
distributions as given in [26, 42, 83] for distributions with a very high
speciation rate at a low age, while the opposite case, where the speciation
rates are lower for very young species, is argued for in [52]. Thus, it is
evident that we still lack the unifying theory of stochastic evolution of
phylogenetic trees.
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